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Various eigenvalue problems

Laplace operator:

—Au=Auin @&  boundary condition

@ Bi-harmonic operator:

A%y =X uor A>2u=—-XAuinQ & boundary condition

Eigenvalue problems for Stokes equations:

in ) & boundary condition

—Au+Vp=Au
divu=0

Eigenvalue problem for Maxwell's equation:
Find E € Ho(rot;Q2) and A € R, s.t.,

(rotE,rotF) = A\(E,F) VF € Hy(rot; Q).

Liu Xuefeng Research Institue for Science and Enginee|ERSEtRta el bt Tl GARIIEE A= R AN R R CA 2 I 1N 2 /79



|
Objective

Explicit eigenvalue bounds for eigenvalue problems

Eigenvalue problem defined by abstract variational form:

FindueVand A >0st.  M(u,v) =AN(u,v), YWweV
where M (-,-) and N(-,-) are bilinear forms to be defined.
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|
Objective

Explicit eigenvalue bounds for eigenvalue problems

Eigenvalue problem defined by abstract variational form:

FindueVand A >0st.  M(u,v) =AN(u,v), YWweV
where M (-,-) and N(-,-) are bilinear forms to be defined.

@ Such an abstract problem will include eigenvalue problems of the Laplace operator,
the Bi-harmonic operator, the Stokes equation and the Maxwell equation.

@ This day, we consider operators, A, A2, in 1D, 2D and 3D space.
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N
Outline

. Framework for high-precision eigenvalue bounds.
. The eigenvalue problem of Laplace operators.

o Crouzeix-Raviart FEM space
o Explicit error estimation for Crouzeix-Raviart interpolation

N =

3. The eigenvalue problem of Bi-harmonic operators.

o Fujino-Morley FEM space
o Explicit error estimation for Fujino-Morley interpolation

4. Sharpen the bounds by applying Lehmann-Goerisch's theorem

5. Computation results
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|
The framework for high-precision eigenvalue bounds

Rough eigenvalue bounds + Lehmann-Goerisch's theorem
(lower order FEMs, hyper-circle equation) (high order FEMs, saddle point problem)

High-precision eigenvalue bounds for
M(u,v) = A N(u,v)
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Rough eigenvalue bound by applying FEM

Rough lower eigenvalue bounds by using lower order FEMs
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Lower and upper eigenvalue bounds
Preparation

@ V: Hilbert space of real functions defined over domain €.

@ V": FEM space over the triangulation 7" for Q; V" may not be a subspace of V.

Assumption

Al M (u,v), N(u,v) are symmetric bilinear forms over V and V"; M (u,u) > 0,
N(u,u) > 0; N(u,u) =0 implies u = 0.

o Define | - |ar := /M(, ), |- v := VN(, ).

A2 There exist sequences {¢;};en and non-decreasing {\; }sen such that ¢; € V,
>\i c R, N(¢l7¢k) = 51]9 for ’i,k‘ € N,

M(f,é:) = MiN(f, éx) for all f € V,i € N. (1)
N(f, £) =D _(N(f,6:))? for all f € V,i € N. 2)
=1
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Error constant in Rayleigh quotient form

Min-max principle

Min-max principle

Define Rayleigh quotient R(u) over V and V.

R(u) := M(u,u)/N(u,u) .

The min-max principle tells that

Ak

= min max R(u)
dim(H)=k;HcVv  u€H
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Upper eigenvalue bounds
Eigenvalue problem in V"
Let (An ks @nk)k=1,-.n (Ank < Ank+1) be the eigen-pairs such that,

M (v, dn k) = M pN(vn, dng) Yo, € V.

Theorem (Upper eigenvalue bounds)

If VP C V, then an upper bound for \;, is given as,

A < Ank -
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Upper eigenvalue bounds
Eigenvalue problem in vh
Let (An ks @nk)k=1,-.n (Ank < Ank+1) be the eigen-pairs such that,

M (v, dn k) = M N(vn, o k) Vo, € VI

Theorem (Upper eigenvalue bounds)

If V" € V, then an upper bound for )\, is given as,

A < Ank -

Proof:
Let E}, i be the space spanned by {¢p 1, -+, éni}. Then,
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Upper eigenvalue bounds
Eigenvalue problem in V"
Let (An ks @nk)k=1,-.n (Ank < Ank+1) be the eigen-pairs such that,

M (vn, dnr) = AN (vn, ) Vop, € V.

Theorem (Upper eigenvalue bounds)

If VP C V, then an upper bound for \;, is given as,

A < Ank -

o In the field of finite element method (FEM), a V" satsifying V" C V is
called conforming FEM space ((H A REZRZEM ) .

o For eigenvalue problem associated with high-order derivatives, V*(C V) is
not easy to construct.
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Error constant in Rayleigh quotient form

Theorem for lower eigenvalue bounds

Theorem 1

Let P, : V — V" be a projection satisfying
M(u — Pyu,vp) =0, forallv, e VP
Moreover, suppose that an error estimation for P} is given as,

|u—Phu|N S Ch|u—Phu|M .

Assertion: The lower bounds for eigenvalues are given as,

/\h,k/(l —l—)\h,kC}QL) < A (k‘ =12,--- ,n) .
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Main proof for Theorem 1

With current assumption, the min-max principle holds for eigenvalues:

Ak = _  min max R(u)
dim(H)=k;HCcVv» u€H
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Error constant in Rayleigh quotient form

Main proof for Theorem 1

With current assumption, the min-max principle holds for eigenvalues:

Anjk = _ min max R(u)
dim(H)=k;HCcVv» u€H

Let E}) be the space spanned by {¢1,---, ¢ }. By showing that dim(P, Ey)=k,
the following inequality holds,

Ak < max  R(vy) = max R(Pyv)
v €Ph By, vEEy
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Error constant in Rayleigh quotient form

Main proof for Theorem 1

With current assumption, the min-max principle holds for eigenvalues:

Ak = _  min max R(u)
dim(H)=k;HCcVv» u€H

Let E}) be the space spanned by {¢1,---, ¢ }. By showing that dim(P, Ey)=k,
the following inequality holds,

Ak < max  R(vy) = max R(Pyv)
v €Ph By, vEEy

About R(Ppv)
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Error constant in Rayleigh quotient form

Main proof for Theorem 1

With current assumption, the min-max principle holds for eigenvalues:

Ak = _  min max R(u)
dim(H)=k;HCcVv» u€H

Let E}) be the space spanned by {¢1,---, ¢ }. By showing that dim(P, Ey)=k,
the following inequality holds,

Ak < max  R(vy) = max R(Pyv)

vh € Pp By vEEy
About R(Ppv)
|PhU\?w |U\§\1 — v — thﬁw
R(Ppv) = =
B0 = Thek = Tl
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Error constant in Rayleigh quotient form

Main proof for Theorem 1

With current assumption, the min-max principle holds for eigenvalues:

Ak = _  min max R(u)
dim(H)=k;HCcVv» u€H

Let E}) be the space spanned by {¢1,---, ¢ }. By showing that dim(P, Ey)=k,
the following inequality holds,

Ak < max  R(vy) = max R(Pyv)
v €Ph By, vEEy

About R(Ppv)

R(Pyv) = |Puvl3  olis — v — Puoliy vl = [v — Pavlis

T |Paol3 | Prol3 = (lv|ln = v — Pav|n)?
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Main proof for Theorem 1

With current assumption, the min-max principle holds for eigenvalues:

Ah e = min max R(u)
dim(H)=k;HCcVvh ueH

Let E}) be the space spanned by {¢1,---, ¢ }. By showing that dim(P, Ey)=k,
the following inequality holds,

Ak < max  R(vy) = max R(Pyv)
v €Ph By, vEEy

About R(Ppv)

R(Py) = Pivlie _ [olr 1o = Profiy _ foliy — o= Paolhy
|Phul2, | Prol3, = (Jvlnw — v — Puo|n)?

With the error estimation for P, we have,

Ak

BB < 7=¢my,
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Main proof for Theorem 1

With current assumption, the min-max principle holds for eigenvalues:

Ah e = min max R(u)
dim(H)=k;HCcVvh ueH

Let E}) be the space spanned by {¢1,---, ¢ }. By showing that dim(P, Ey)=k,
the following inequality holds,

Ak < max  R(vy) = max R(Pyv)

v €Ph By, veE)
About R(Ppv)
R(Pyw) = [Ptle _ [ — o~ Pl _Joli — v~ Puolis
|Phul2, |Phol% = (vly — Jv — Puv|n)?

With the error estimation for P, we have,

Ak
max B(Phv) < 37— C2hy
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Main proof for Theorem 1

With current assumption, the min-max principle holds for eigenvalues:

Ah e = min max R(u)
dim(H)=k;HCcVvh ueH

Let E}) be the space spanned by {¢1,---, ¢ }. By showing that dim(P, Ey)=k,
the following inequality holds,

Ak
Mk < max  R(vy) = max R(Pjv
Pk S MAX (vn) max (Phv) < =i
About R(Ppv)
R(Pyo) = Ith@ _ R = 1th|§4 o olds = o~ thﬁMQ
| Prol | Provl% (Jv|n — [v — Paov|n)

With the error estimation for P, we have,

Ak
max B(Phv) < 37— C2hy
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Error constant in Rayleigh quotient form

Inspired by the result in

@ X. Liu and S. Oishi. Verified eigenvalue evaluation for the Laplacian over polygonal
domains of arbitrary shape. SIAM J. Numer. Anal., 51(3):1634-1654, 2013.

(Only conforming FEM space V"(C V) is considered.)
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Error constant in Rayleigh quotient form

Two tasks in the application of Theorem 1

1) Selection of proper FEM space V" and the projection Pj,:
M(u— Pyu,vp) =0, forallu, e V.
2) Explicit error estimation for Py:

|u - PhU|N S C’h|u - Phu|M .
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Error constant in Rayleigh quotient form

Two tasks in the application of Theorem 1

1) Selection of proper FEM space V" and the projection Pj,:
M(u— Pyu,vp) =0, forallu, e V.
2) Explicit error estimation for Py:

|u - PhU|N § C’h|u - Phu|M .

@ A locally defined interpolation operator II; that is also a projection operator
will be a good candidate for P;.

@ That is, on each element K of triangulation T,

(Prhu)| e = p(ulk) -
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Error constant in Rayleigh quotient form

2. Eigenvalue problem of Laplace operator
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Error constant in Rayleigh quotient form

2. Eigenvalue problem of Laplace operator

@ Two kind of projection P}'s will be considered.
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Error constant in Rayleigh quotient form

Eigenvalue problem of Laplace operators

Eigenvalue problem for 2rd order differential operator

Assumption: 2 is a simply connected bounded domain.

—Au = Ay, u=0ondQ,

Definition of operators: (2D)
e Vu = (ug,uy) for u being a scalar function.

o divp = pi 5 + pa2y for p = (p1,p2) being a vector function.
o Au=div- Vu = Uz + Uyy.
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Error constant in Rayleigh quotient form

Eigenvalue problem of Laplace operators

Eigenvalue problem for 2rd order differential operator

Assumption: 2 is a simply connected bounded domain.

—Au = Ay, u=0ondQ,

Variational formulation:
Let V :={v e HY(Q)| u=0on 9Q}.

Find wu € V and A > 0 s.t. /Vu~Vvdx:)\/uvdx YveV.
Q Q
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Error constant in Rayleigh quotient form

Eigenvalue problem of Laplace operators

Eigenvalue problem for 2rd order differential operator

Assumption: 2 is a simply connected bounded domain.

—Au = Ay, u=0ondQ,

Variational formulation:

Let V :={v e HY(Q)| u=0on 9Q}.
FindueVand A\>0st.  M(u,v) =AN(u,v) YoeV.
where M (-,-) and N(-,-) are bilinear forms over V:

M(u,v):/Vu-Vvdx, N(u,v):/uvd:c.
Q Q
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Error constant in Rayleigh quotient form

Conforming FEM space
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Error constant in Rayleigh quotient form

Eigenvalue problem in FEM spaces V"

Lagrange FEM space: V(C V)

Let 7" be a triangulation of domain Q. The function

space V" over T" is
consisted of function v, such that,

1) wp|k is linear function on each element K € Th,

2) wp, is a continuous function over §2.

014
012
o1
008
006
004
002

Triangulation T" of domain  Base function Sample function up € vh
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Eigenvalue problem in FEM spaces V"

Lagrange FEM space: V(C V)

Let 7" be a triangulation of domain €2. The function space V" over T" is
consisted of function v, such that,

1) wp|k is linear function on each element K € Th,

2) wp, is a continuous function over §2.

The bilinear forms M(-,-) and N(-,-) over V":
M (up,vn) = / Vup - Vopdz, N(up,vn) = / upvpdx .
Q Q

Eigenvalue problem in V": Find u;, € V" and A\, > 0 s.t.

M(uh,vh) = /\hN(uh,vh) Yoy, € Vh.
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Error estimation for P, : V — V"

A priori error estimation (A5 22 )

Given f € La(R), let u € H}() and P,u € V" be the solutions of variational
problems below, respectively,

M(u,v) = N(f,v) forve HNQ), M(Pyu,vy)=N(f,on) foruv, eV".
We have an error estimate as below,
lu — Pyullz, < ChllV(u— Pyu)|z, < CillflL, - (3)

where C, is a quantity only depending on the mesh triangulation and domain
shape.

@ X. Liu and S. Oishi, Verified eigenvalue evaluation for the Laplacian over polygonal
domains of arbitrary shape. SIAM J. Numer. Anal., 51(3):1634-1654, 2013,
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Error constant in Rayleigh quotient form

Remarks on evaluation of (),

@ For convex domain, the solution u corresponding for given f is regular, that
is, u € H%(Q). The constant C), is easy to obtain.

@ For non-convex domain, u may have a singularity, that is, u ¢ H?(Q). A new
"Hypercircle equation method” is developed to give an estimation of C}.

Liu Xuefeng Research Institue for Science and Enginee|ERSEtRta el bt Tl GARIIEE A= R AN R R CA 2 I 1N 19 /79



Lower eigenvalue bounds based on Theorem 1

Setting for application of Theorem 1
o V =H}Q);
e V" Lagrange conforming FEM space (V" c V);
o M(u,v) := [, Vu- Vodz;
o N(u,v):= [, uvdx;
°

Projection Py:
M(u — Ppu,vg) =0 for vy € vh.

Error estimation for Pj:

\u— PhU‘N S Ch|u—Phu|M
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Error constant in Rayleigh quotient form

Computation results based on conforming FEMs
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Example I: unit isosceles right triangle domain

Function space: V = Hj(Q), |[lull}, = (Vu, Vu)r, ) -
Problem: Find u € H(2) and A > 0 such that,

—Au=AduinQ, u=0onT.
Constant values: h = 1/32, C; <0.493 , Thus M := 0.0155

Exact values:
A1 = 5m2 ~49.348, Ao = 1072 ~ 98.696, A3 = 1372 ~ 128.30

©.1) Ai lower upper rel. err
1 | 48.9488 | 49.5525 | 0.01225
2 | 96.4497 | 99.6328 | 0.03238
3 | 121.8806 | 129.7290 | 0.06239
4 | 153.8131 | 170.3116 | 0.1018
5 | 171.9199 | 201.5760 | 0.15888

(0,0) (1,0 .
ﬂower and upper bounds of eigenvalues
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Error constant in Rayleigh quotient form

Example II: Square with hole

Q: Square (0,7) x (0,7) excluding hole surrounding by sin?(z) + sin?(y) = 3/2.
Exact value: A; = 10. M := 0.0618 (outter polygon), 0.0634 (inner polygon).

A lower upper rel. err.

1 | 9.611519 | 10.088400 | 0.048414
2 | 9.973375 | 10.486400 | 0.050150
3 | 9.974390 | 10.487100 | 0.050115
4 | 10.449044 | 11.010400 | 0.052318
5 | 15.081232 | 16.405400 | 0.084110

Figure : First eigenfunction and mesh
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Error constant in Rayleigh quotient form

Example Ill: Mixed boundary on square with crack

o Eigenvalue estimation: (non-uniform mesh) M = 0.027

lower | upper | relative.
12.233 | 12.343 | 0.009
16.087 | 16.276 | 0.012
31.392 | 32.119 | 0.022
51.049 | 52.998 | 0.037
68.241 | 71.768 | 0.050

Eigenfunctions for leading 4 eigenvalues
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Error constant in Ra quotient form

Non-conforming FEM
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Eigenvalue problem in FEM spaces V"

Crouzeix-Raviart FEM space: V(¢ V)
The function vy, of V7 satisfies,
1) wy is linear on each element K € T";

2) fe vpds is continuous on interior edges; fe vpds = 0 on boundary edges;

Function vy, is only continuous on the
mid-points of interior edges.
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Eigenvalue problem in FEM spaces V"

Crouzeix-Raviart FEM space: V(¢ V)
The function vy, of V7 satisfies,
1) wy is linear on each element K € T";

2) fe vpds is continuous on interior edges; fe vpds = 0 on boundary edges;

Extend the bilinear forms M and N from V to V*:

M (un,vr) Z /Vuh Voupdx, N(uh,vh):/uhvhdw.

KeTh @
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Eigenvalue problem in FEM spaces V"

Crouzeix-Raviart FEM space: V(¢ V)
The function vy, of V7 satisfies,
1) wy is linear on each element K € T";

2) fe vpds is continuous on interior edges; fe vpds = 0 on boundary edges;

Eigenvalue problem in V"

Find uj, € V" and A\, > 0 s.t.

M(uh,vh) = )\hN(uh,vh) Yoy € Vh.
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The Crouzeix-Raviart interpolation IIj,

On triangle element K, (II,u)|x is a linear function such that

/ u—Ihu ds=0 (i=1,2,3).

i
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Error constant in Rayleigh quotient form

The Crouzeix-Raviart interpolation IIj,

On triangle element K, (II,u)|x is a linear function such that

/ u—Ihu ds=0 (i=1,2,3).

i

Important property of I,
For u € HY(Q),

/ V(u —yu) - Vopde =0, Vo, € PHK) .
K
Hint:

/ V(u —pu) - Vopde = / (u — Mpu)vpds — / (u —pu) - Avpde
K oK

K
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Error constant in Rayleigh quotient form

The Crouzeix-Raviart interpolation IIj,

On triangle element K, (II,u)|x is a linear function such that

/ u—TIpu ds=0 (i=1,2,3).

€;

Important property of I,
For u € HY(Q),

/ V(u —yu) - Vopde =0, Vo, € PHK) .
K

Hence
Z / V(u —yu) - Vopde =0, Vo, € VP
K

KeTh
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Error constant in Rayleigh quotient form

The Crouzeix-Raviart interpolation IIj,

On triangle element K, (II,u)|x is a linear function such that

/ u—TIpu ds=0 (i=1,2,3).

€;

Important property of I,
For u € HY(Q),

/ V(u —yu) - Vopde =0, Vo, € PHK) .
K

Hence
Z / V(u —yu) - Vopde =0, Vo, € VP
geTr /K
Thus,
M(u—Tyu,vp) =0, Yo, € V.
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Interpolation error estimation for 11

On each element K, we consider the error estimation by using C.(K):
lu — Tpullo. e < Co(K)|u —puly x foru € HY(K) .

where | - |4.x denotes the semi-norm of Sobolev function space H?(K).
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Error constant in Rayleigh quotient form

Interpolation error estimation for 11

On each element K, we consider the error estimation by using C.(K):
lu — Tpullo. e < Co(K)|u —puly x foru € HY(K) .
where | - |4.x denotes the semi-norm of Sobolev function space H?(K).

Error constant C,(K)
Over K of T", define V.(K) by

Vo(K):={ve H(K)]| / vds =0, i=1,2,3}.
Constant C.(K) over Vo(K):

Ce(K):= sup Hu||0’K,
wevo (k) |ul1x

Liu Xuefeng Research Institue for Science and Enginee|ERREtRta el Elbi Tl GARIIEE AL AN IR R CA 21N 29 /79



Upper bound of C,(K)

The eigenvalue problem for C.(K): Over K,

Ju
on

€

—Au = \u, =¢ (¢ :to be determined)
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Upper bound of C,(K)

The eigenvalue problem for C.(K): Over K,

ou

—Au =\ it
u=Xu, o

=¢ (¢ :to be determined)

€

@ For unit isoceles right triangle K, an easy-to-obtain lower bound:

Ce(K) <

3|
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Error constant in Rayleigh quotient form

Upper bound of C.(K)

The eigenvalue problem for C.(K): Over K,

ou

—Au = \u, I (¢; : to be determined)

:C,L-

€

@ For unit isoceles right triangle K, an easy-to-obtain lower bound:

1
<=
CC(K)_W

@ Approximate computation shows that,

. 1
Co(K) ~ 0.2377 < = ~ 0.3183..
™
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Error constant in Rayleigh quotient form

Error estimation for projection II;,

Upper bound for C.(K)

For general triangle K with the maximum inner angle as # and the second longest

edge length as L,
L
Co(K) < =4/1+|cosf|
T
Hence,

L
lu — pullo,x < —V 14 |cosO| |u—Ipuly k

T

U
o
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Error constant in Rayleigh quotient form

Remarks on Crouzeix-Raviart interpolation 1I;,

@ Even for non-convex domains, the interpolation IIj, is well-defined for
u € H*(Q). Thus there is no additional efforts needed for problems with

singularities.
@ Easy to deal with boundary conditions.
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Lower eigenvalue bounds based on Theorem 1

Setting for application of Theorem 1

V = Hg(Q);

V": Crouzeix-Rarviart FEM space (V" ¢ V);
M(u,v) :== > eqn [ Vu - Vodz;

N(u,v) == [, uvdz;

Projection Py, := I1j:

M(u — Pyu,vp,) =0 for vy, € VP,

Error estimation for Pj:

|u — Phu|N S Ch\u — Phu|M (Ch = Inax CE(K)>
KeTh
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Error constant in Rayleigh quotient form

General Crouzeix-Raviart interpolation operators
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Error constant in Rayleigh quotient form

Crouzeix-Raviart type interpolation in 3D

Extension of Crouzeix-Raviart interpolation in 3D
Let K be a tetrahedron with surfaces S;, : = 1,2, 3, 4.

For u € HY(K), Ilu € P*(K) is determined by

/ (u—Tpu)dS =0, i=1,2,3.
S
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Error constant in Rayleigh quotient form

Crouzeix-Raviart type interpolation in 3D

Extension of Crouzeix-Raviart interpolation in 3D
Let K be a tetrahedron with surfaces S;, : = 1,2, 3, 4.

For u € HY(K), Ilu € P*(K) is determined by

/ (u—Tpu)dS =0, i=1,2,3.
S

Property
For any v € P}(K),

/ V(u—Ipu) - VodX =0.
K
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Error constant in Rayleigh quotient form

Crouzeix-Raviart type interpolation in 1D

Extension of Crouzeix-Raviart interpolation in 1D

Let I be an interval with two vertices a and b.

a b
& &

For u € HY(I)(C C°(I)), Hyu € PL(I) is determined by

(pu)(a) = u(a), (pu)(b) = u(d) .
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Error constant in Rayleigh quotient form

Crouzeix-Raviart type interpolation in 1D

Extension of Crouzeix-Raviart interpolation in 1D

Let I be an interval with two vertices a and b.

a b
& &

For u € HY(I)(C C°(I)), Hyu € PL(I) is determined by

(pu)(a) = u(a), (pu)(b) = u(d) .

Property
For any v € P(I),

/(u —u) - 0Wds = 0.
I
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Error constant in Rayleigh quotient form

3. Eigenvalue problem of Bi-harmonic operator
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Buckling eigenvalue problem

Eigenvalue problem for 4th order differential operator

Assumption: 2 is a simply connected bounded domain.

AAu = —AAu, u=0u/On =0 on 09,

Definition of operators: (2D)

Vu = (ug,uy) for u being a scalar function.

D%y = (Ugg, Usy, Uyz, Uy ) for u being a scalar function.
divp = p1 4 + p2,y for p = (p1, p2) being a vector function.
Au =div- VU = Ugy + Uyy

curl p = pay — p1,y for p = (p1,p2).

curl u = (u,, —u,) for u being a scalar function.
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Buckling eigenvalue problem

Eigenvalue problem for 4th order differential operator

Assumption: 2 is a simply connected bounded domain.

AAu = —AAu, u=0u/On =0 on 09,

Variational formulation:
V :={ve H*Q)| u=0u/On =0 on dQ}.

FindueVand A>0st. (D%, D%*v)q = ANVu,Vv)g Yo eV
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Eigenvalue problem in FEM spaces V"

Fujino-Morley FEM space: V(¢ V)
The function vy, of V7 satisfies,
1) wu|x € P?(K) on each element K € T";

2) [ %ds is continuous on interior edges; [ %ds = 0 on boundary edges;

3) vy, is continuous on interior nodes;. v, = 0 on boundary nodes.
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Eigenvalue problem in FEM spaces V"

Fujino-Morley FEM space: V(¢ V)

The function vy, of V7 satisfies,
1) wu|x € P?(K) on each element K € T";
2) fe %ds is continuous on interior edges; fe %ds = 0 on boundary edges;
3) vy, is continuous on interior nodes;. v, = 0 on boundary nodes.

Define bilinear forms M(-,-) and N(-,-) over V":

M (up,vp) = Z (D2uh,D2vh)K, N(up,vp) = Z (Vun, Vop) i -
KeTh KeTh

e For u,v € H*(Q), M(u,v) = (D*u, D*v), N(u,v) = (Du, Dv) .
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Eigenvalue problem in FEM spaces V"

Fujino-Morley FEM space: V(¢ V)
The function vy, of V7 satisfies,
1) wu|x € P?(K) on each element K € T";
2) fe %ds is continuous on interior edges; fe %ds = 0 on boundary edges;

3) vy, is continuous on interior nodes;. v, = 0 on boundary nodes.

Eigenvalue problem in V"

Find u, € V* and A, > 0 s.t.

M(Uh,’l)h) = )\hN(uh,vh) Yoy, € Vh.
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The Fujino-Morley interpolation 11},

On triangle element K, (IIyu)|x is a quadratic function such that

(u —pu)(p;) =0, / V(u—Tpu) -nds=0 (:=1,2,3).

P1

€3 €2

D2 €1 D3
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Error constant in Rayleigh quotient form

The Fujino-Morley interpolation 11},

On triangle element K, (IIyu)|x is a quadratic function such that

(u —pu)(p;) =0, / V(u—Tpu) -nds=0 (:=1,2,3).

Important property of 11,
For u € H%(Q),

(D*(u — yu), D*vp) e =0, Vo, € V.
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Error constant in Rayleigh quotient form

The Fujino-Morley interpolation 11},

On triangle element K, (IIyu)|x is a quadratic function such that

(u —pu)(p;) =0, / V(u—Tpu) -nds=0 (:=1,2,3).

Important property of 11,
For u € H%(Q),

Z (D*(u — Tpu), D?op)g =0, Vo, € VI,
KeTh
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Error constant in Rayleigh quotient form

The Fujino-Morley interpolation 11},

On triangle element K, (IIyu)|x is a quadratic function such that

(u —pu)(p;) =0, / V(u—Tpu) -nds=0 (:=1,2,3).

Important property of I,
For u € H%(Q),

> (D*(u—Tu), D*vp)k =0, Vo, € V.
KeTh

Thus,
M(u — Hhu,vh) =0, Yoy, € vh.
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Interpolation error estimation for 11

On each element K, we consider the error estimation by using C4 (K):
|’U, — Hhull,K < C’l(K)|u — Hhu|2,K for u € HQ(K) .

where | - |4 x denotes the semi-norm of Sobolev function space H?(K).
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Error constant in Rayleigh quotient form

Interpolation error estimation for 11

On each element K, we consider the error estimation by using C4 (K):
|’U, — Hhull,K < C’l(K)|u — Hhu|2,K for u € HQ(K) .
where | - |4 x denotes the semi-norm of Sobolev function space H?(K).

Error constant C}(K)
Over K of T", define W (K) by

W(K) = {u € H*(K) | u(p:) =0, %ds —0, i=1,2,3}.
Constant C1(K) over W(K):
C1(K):= sup [l

wEW (K) \U|2,K ’
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Babuska-Aziz's technique for upper bound of C}(K)

Notice

2 2 2 2
CL(K)? = sup [[uzllo + lluyllo sup  max <||um|207 ||Uy||20)
|ualf " luylt

wew (k) ue|t =+ uyl3 weW (K)
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Babuska-Aziz's technique for upper bound of C}(K)

Notice
K = sp NlB Tl . (Huzu% ||uy||%)

< sup
wew (k) el +uyli ~ wew(x) ueld ” fuyl?

About u,, uy:
Notice that u(p;) = 0, we have for each : = 1,2, 3,
/ (Uz, uy) - ndx = / (uz,uy) - 7dx =0,
e; €q
where 7 is the unit tangent vector and n the unit norm vector along e;. Thus

/ Uzpds = / uyds =0 (i=1,2,3)

i i
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Babuska-Aziz's technique for upper bound of C}(K)

Notice

C1(K)? =

a3 + luylls _ (II%I% ey 113

< sup
wew (k) el +uyli ~ wew(x) ueld ” fuyl?

Recall the definition of constant C,(K):

Ce(K) == sup ollo.x

vEV(K) [v|i,x
where
Vo(K):={ve H(K)| / vds = 0,i =1,2,3}

Then:
uzllo < Ce(K)|ualr, |luyllo < Ce(K)|uylx -
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Babuska-Aziz's technique for upper bound of C}(K)

Notice

C1(K)? =

a3 + luylls _ (II%I% ey 113

< sup
wew (k) el +uyli ~ wew(x) ueld ” fuyl?

Recall the definition of constant C,(K):

Ce(K) == sup ollo.x

vEV(K) [v|i,x
where
Vo(K):={ve H(K)| / vds = 0,i =1,2,3}

Then:
uzllo < Ce(K)|ualr, |luyllo < Ce(K)|uylx -

C1(K) < Ce(K)
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Babuska-Aziz's technique for upper bound of C}(K)

@ For unit isoceles right triangle K, an easy-to-obtain lower bound:

Ce(K) <

3=
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Babuska-Aziz's technique for upper bound of C}(K)

@ For unit isoceles right triangle K, an easy-to-obtain lower bound:

Ce(K) <

3=

@ Approximate computation shows that,

. 5 1
C1(K) ~ 0.2338 < C.(K) ~ 0.2377 < = ~ 0.3183..
™
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Contour lines of the constant C;(K)

0.8

0.6

0.4

02

0.0

u Xuefeng Research Institue for Science and Enginee [ERSEIStacAREALITE - CARIDEE SOY= el RANEE SR - A I TN

Dependence of constant C on triangle geometric parameters

\|
11
2, ||

| | e \M‘
I

1.0

44 /79



Error constant in Rayleigh quotient form

Error estimation for projection II;,

Upper bound for C;(K)

For general triangle K with the maximum inner angle as # and the second longest

edge length as L,
L
C1(K) < —+/1+|cosf|
™
Hence,

L
lu —Ipulr,x < ;\/1 + |cos b |u — pula,k

T

U
o
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Lower eigenvalue bounds based on Theorem 1

Setting for application of Theorem 1

o V=H);
V": Fujino-Morley FEM space (V" ¢ V);
M(u,v) == ern(D?*u, D*0)g;
N(u,v) == gern(Vu, Vo),
Projection Py, := I1j:

M(u — Pyu,vp,) =0 for vy, € VP,

Error estimation for Pj:

|u — Phu|N < Ch|u - Phu|M (Ch ‘= max Cl(K)>
KeTh

Liu Xuefeng Research Institue for Science and Enginee|ERREtRta el Elbi Tl GARIIEE AL AN IR R CA 21N 46 / 79



Lower eigenvalue bounds based on Theorem 1

Lower eigenvalue bounds

From Theorem 1, we have,

A
ME <N (k=1,2,---,n).

14 >\h,,kC}21 o

Recall the eigenvalue problem in V"

Find up, € V* and A, > 0, s.t.,

M(uh, ?}h) = /\hN(uh,vh) Yoy, € Vh.

o Eigenvalues: A\, 1 < Apa-- < App.
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Error constant in Rayleigh quotient form

General Fujino-Morley interpolation operators

Liu Xuefeng Research Institue for Science and Enginee|ERREtRta el Elbi Tl GARIIEE AL AN IR R CA 21N 48 / 79



Error constant in Rayleigh quotient form

Fujino-Morley interpolation in 3D

Extension of Fujino-Morley interpolation in 3D
Let K be a tetrahedron with surfaces S;, i =1,2,3,4, and edges ¢;, i = 1,--- ,6.

For u € H?(K), Ilu € P%(K) is determined by
1) [ 2eigg =0, i=1,23.
2) feiu—Hhuds:O, i=1,--.,6.
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Error constant in Rayleigh quotient form

Fujino-Morley interpolation in 3D

Extension of Fujino-Morley interpolation in 3D
Let K be a tetrahedron with surfaces S;, i =1,2,3,4, and edges ¢;, i = 1,--- ,6.

For u € H?(K), Ilu € P%(K) is determined by
1) [ 2eigg =0, i=1,23.
2) feiu—Hhuds:O, i=1,--.,6.

Property
For any v € P%(K),
/ D?(u —u) - D*vdX =0
K
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Error constant in Rayleigh quotient form

Fujino-Morley interpolation in 1D

Extension of Fujino-Morley interpolation in 1D

Let I be an interval with two vertices a and b.

G-
(CXen

For u € H?(I), Iu € P?(I) is determined by

1) (L) (@) = u®(a), (L)) = u®®).
2) (Hpu)(a) = u(a), (Hpu)(b) = u(b).
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Error constant in Rayleigh quotient form

Fujino-Morley interpolation in 1D

Extension of Fujino-Morley interpolation in 1D

Let I be an interval with two vertices a and b.

G-
(CXen

For u € H?(I), Iu € P?(I) is determined by
1) ()Y (a) = uW(a), (yu)™ (b) = u®(b).
2) (yu)(a) = u(a), (Mu)(b) = u(b).

Property
For any v € P%(I),

/(u —u)® - v@ds =0
I
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Error constant in Rayleigh quotient form

Upper bound for eigenvalues of Bi-harmonic operator
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Upper bound for eigenvalues of Bi-harmonic operator

Variational formulation: |
Vi={ve H*Q)| u=0u/dn =0 on 9Q}.

Findu € Vand A>0st. (D%, D?*v) = A\(Vu,Vv) YweV

Variational formulation: |l
D :={(p1,p2) € H}(Q)?| curlp=0in Q}.

Findu€ D and A >0s.t. (Vp,Vq) =A(p,q) Vg€ D.
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Variational formulation in FEM space

Lagrange FEM space over triangulation 7"
o Li = {vn € HY(Q) | walx € PUK) for K € T"}
o Dy = (Lf x Lf) D
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Variational formulation in FEM space

Lagrange FEM space over triangulation 7"

o L ={v, € H(Q) | vp|x € PYK) for K € T"}
o Dy = (Lf x 1) 11D

Eigenvalue problem in Dy,:

Find p, € Dy, and 5\h >0 s.t.
(Vpn, Van) = M(pr,qn)  Van € Dy,

The eigenvalues of the above problem are denoted by S\h,k (k=1,---,n)in an
increasing order.
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Error constant in Rayleigh quotient form

Variational formulation in FEM space

Lagrange FEM space over triangulation 7"
o Li = {vn € HY(Q) | walx € PUK) for K € T"}
o Dy = (Lf x Lf) D

Eigenvalue problem in Dy,:

Find p, € Dy, and 5\h >0 s.t.
(Von, Van) = M (phyan)  Van € Dy,

The eigenvalues of the above problem are denoted by S\h,k (k=1,---,n)in an
increasing order.

@ Since Dy, C D, an upper bound for A\ is given as 5\h7k.
@ The 4th order differential problem is solved by using H}-conforming FEMs.
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Error constant in Rayleigh quotient form

Computation results

Domain: a unit isosceles right triangle domain.

Table : Rough eigenvalue bounds

[ h | M | A2 |
1/16 | [135.6175, 1425736 | | [194.1698, 213.8170]

1/32 | [138.5584, 140.3105 | | [202.6644, 207.5471]
1/64 | [139.3179, — ] [204.8289, — |

X |
[235.5488, 257.0632 ]

[244.7311, 250.1080 |
[247.0735, — |

Parameters in computing

e Upper bound computation: Dy, = (L7 x L2)N D, i.e., d = 2.
o Constant C}, for Py,: C}, := 0.24h.
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Error constant in Rayleigh quotient form

Another eigenvalue problem for Bi-harmonic operators

o A%u=Auin Q; u=0u/On =0 on AN,
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Error constant in Rayleigh quotient form

Eigenvalue problem of Bi-harmonic operator
Over bounded domain Q (C R?),

A%y = \uin Q; u:?:OonaQ

n

Variational formulation:

Vi={ve H*Q)| u=0u/dn =0 on 9Q}.

Findu€Vand A>0st.  (D%u,D*v)q = ANu,v)g YweV

Let II;, be Fujino-Morley interpolation operator. We need to give estimation for
constant C}, such that

||u — HhuHo@ < C’h|u — Hhu|27Q .
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Error constant in Rayleigh quotient form

The error estimation for Fujino-Morley interpolation

operator 11y

Error constant Cy(K):
lu = Tpullo, e < Co(K)|u = pulz,x }

Constant Cy(K) is characterized by

Co(K) = ok
wEW (K) \U|2,K
where 5
W(K) = {u € H*(K) | u(p;) = 0, / a—st =0, i=1,2,3}.

57 /79
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Upper bound of Cy(K)

Introduce an auxiliary space W (K) ¢ W(K):

W(K) :={u e H*K) |u(p;) =0, i =1,2,3}.
Thus

Co(K) := sup |u‘O’K< sup [ulo.x¢

wew(K) [Ul2,x e () lul2,x

By using Taylor's expansion, we can easily show that for unit isosceles right

triangle,
V2
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Upper bound of Cy(K)

Introduce an auxiliary space W (K) ¢ W(K):

W(K) :={u e H*K) |u(p;) =0, i =1,2,3}.
Thus

Co(K) := sup |u‘O’K< sup [ulo.x¢

wew(K) [Ul2,x e () lul2,x

By using Taylor's expansion, we can easily show that for unit isosceles right

triangle,
V2

0.0009 ~ Cy(K) < 3= < 0.71.
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Error constant in Rayleigh quotient form

Eigenvalue problem of plate

Let Aj i be the approximate eigenvalues from Fujino-Morely FEM. Lower bounds
for eigenvalue A,
Abk
1+ C i —

Computation result: Over a unit isosceles right triangle domain

Ap > 869.46, Ay >24446 (h=1/64).
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Error constant in Rayleigh quotient form

Eigenvalue problem of plate

Let Aj i be the approximate eigenvalues from Fujino-Morely FEM. Lower bounds
for eigenvalue A,
Abk
1+ C i —

Computation result: Over a unit isosceles right triangle domain

k -

Ap > 869.46, Ay >24446 (h=1/64).

Upper bound: C! conforming FEM space is needed.
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Error constant in Rayleigh quotient form

4. High-precision eigen-bounds from Lehmann-Goerisch's theorem
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Challenges in desiring high-precision bounds
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Challenges in desiring high-precision bounds

Take the eigenvalue problem of A as example.

Katou’s bound [Katou, 1949]

Let @ € D(A) be approximate eigenvector, and A := || Vi3 /||4]/? and
o :=| — Aw — Mul||/||@||q. Suppose that u and v satisfy, for certain n,

An,1§u<5\<ug)\n+1.

Thus,
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Error constant in Rayleigh quotient form

Challenges in desiring high-precision bounds

Take the eigenvalue problem of A as example.

Katou’s bound [Katou, 1949]

Let @ € D(A) be approximate eigenvector, and A := || Vi3 /||4]/? and
o :=| — Aw — Mul||/||@||q. Suppose that u and v satisfy, for certain n,

An,1§u<5\<ug)\n+1.

Thus, ) ,
7 < <A+

P .
vV—A

@ A priori eigenvalue bounds p and v are needed;

@ Well-constructed vector 4 can provide high-precision bounds;

Liu Xuefeng Research Institue for Science and Enginee|ERREtRta el Elbi Tl GARIIEE AL AN IR R CA 21N 61 /79



Error constant in Rayleigh quotient form

Challenges in desiring high-precision bounds

Take the eigenvalue problem of A as example.

Katou’s bound [Katou, 1949]

Let @ € D(A) be approximate eigenvector, and A := || Vi3 /||4]/? and
o :=| — Aw — Mul||/||@||q. Suppose that u and v satisfy, for certain n,

An,1§u<5\<ug)\n+1.

Thus, ) ,
7 < <A+

P .
vV—A

@ A priori eigenvalue bounds p and v are needed;

@ Well-constructed vector 4 can provide high-precision bounds;

Lehmann-Goerisch’s theorem can regarded as extended version of Katou's
bound, which can easily deal with clustered eigenvalues.
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Error constant in Rayleigh quotient form

Lehmann-Goerisch's theorem

Assumptions and notation.

Al D is a real vector space. M and N are symmetric bilinear forms on D;
M(f,f) >0forall fe D, f#0.

A2 There exist sequences {\; }sen and {¢;}ien such that \; € R, ¢; € D,
M (i, pr) = b for i,k € N,

M(f,¢i) = MiN(f, dr) for all f € D,i € N. (4)
N(f, 1) =S (N(f,4:))*  forall f€D,ieN. (5)

A3 X is a real vector space; G : D — X is a linear operator; b is a symmetric bilinear
form on X. b(f,f) > 0for all f € X and b(Gf,Gg) = M(f,g) for all f,g € D.

Ad neN,v, e Dfori=1,---,n. w; € X satisfies

b(Gf,w;) = N(f,v;) forall feD,i=1,---,n; (6)
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Lehmann-Goerisch's theorem

A5 p e R, p> 0. Define matrices as
Ag = (M('Ui:vk))i’k:h.. n Ay = (N(Uivvk))i,k:h..,na
Az = (b(wy, wk))i,kzly.“ n
A" = Ag — pAy, BY = Ao — 2pA;1 + p*As:

BT is positive definite. For i =1,--- ,n, the ith smallest eigenvalue of the
eigenvalue problem ALz = uBYz is denoted by p;.

Assertion 1

For ally; < 0 (1 <4 < n), the interval [p — p/(1 — p;), p) contains at least i eigenvalues
of (4).

Assertion 2

Suppose the p in A5 satisifes, A\, < p < Amt1. Then, a lower bound of A\; (1 < k < m)
is given as

p—p/(1—pr) < Apy1—k -
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Error constant in Rayleigh quotient form

Application of Lehmann-Goerisch's theorem:

o Case of second order problem: —Au = A\u .
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Application of Lehmann-Goerisch’s theorem

Eigenvalue problem for the Laplace operator

Q: polygonal bounded domain; Let V = {v € H}(Q)|v = 0 on 9Q}.

Findu €V and Ast.  (Vu,Vv) = Au,v) YweV.

The setting for Lehmann-Goerisch's theorem
o D=V ={ve H (Q) [, vds =0}

X = (L())?

M(u,v) = (Vu, Vo), N(u,v) := (u,v)

b(w, W) := (w,w); M(u,v) =b(Vu, Vv)

T:=V, T* :=div,
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What does Lehmann-Goerisch’s theorem say?

Suppose we have an a priori egienvalue estimation
Ao < p < A3z .

We can obtain lower bounds for A1 and Ay as follows:
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What does Lehmann-Goerisch’s theorem say?

Suppose we have an a priori egienvalue estimation
Ao < p < A3z .

We can obtain lower bounds for A1 and Ay as follows:

1 Take vy, v € V as the approximation to exact eigenfunctions ¢; and ¢s.
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What does Lehmann-Goerisch’s theorem say?

Suppose we have an a priori egienvalue estimation
Ao < p < A3z .

We can obtain lower bounds for A1 and Ay as follows:

1 Take vy, v € V as the approximation to exact eigenfunctions ¢; and ¢s.
2 For each v; € V(C HY(Q)), take w; € L2(92)? such that

(wi, Vo= (vi, fla, YfeV.
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What does Lehmann-Goerisch’s theorem say?
Suppose we have an a priori egienvalue estimation
Ao < p < A3z .

We can obtain lower bounds for A1 and Ay as follows:

1 Take vy, v € V as the approximation to exact eigenfunctions ¢; and ¢s.
2 For each v; € V(C HY(Q)), take w; € L2(92)? such that

(wi7vf)Q:(Uiaf>Qa erV
3 Define 2 x 2 matrices A” and B” by using v1, v2 and w1, wa,

Ao := ((Vwi, Vuk)a), k=1,2" Ay = ((Uivvk)ﬂ)i7k:1,2a Az = ((wiawk)ﬂ)i,k:1,27
AL = Ay — pAr, BY = Ay — 2pA1 + p?As;
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What does Lehmann-Goerisch’s theorem say?

Suppose we have an a priori egienvalue estimation
Ao < p < A3z .

We can obtain lower bounds for A1 and Ay as follows:

1 Take vy, v € V as the approximation to exact eigenfunctions ¢; and ¢s.
2 For each v; € V(C HY(Q)), take w; € L2(92)? such that

(wi7vf)Q:(Uiaf>Qa erV
3 Define 2 x 2 matrices A” and B” by using v1, v2 and w1, wa,

Ao := ((Vwi, Vuk)a), k=1,2" Ay = ((Uivvk)ﬂ)i7k:1,2a Az = ((wiawk)ﬂ)i,k:1,27
AL = Ay — pAr, BY = Ay — 2pA1 + p?As;

4 Let py < pio be the eigenvalues of ALz = pB¥z, then

p—p/(L—=p2) <A1, p—p/(1—p1) < Aa.
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Error constant in Rayleigh quotient form

Implementation in finite element spaces

Usually, both v; and w; are selected from FEM spaces.
o Lé={v, € HY(Q) | vp|x € PYK) for K € T"} (C V)
e RT{ : The Raviart-Thomas space of order d (C X)

What we need is to find a “proper” wy, € RT}?Jr1 for given v, € Lﬁ such that

(wn, Vo= (vn, fla, YfeV.
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Error constant in Rayleigh quotient form

Implementation in finite element spaces

Usually, both v; and w; are selected from FEM spaces.
o Lé={v, € HY(Q) | vp|x € PYK) for K € T"} (C V)
e RT{ : The Raviart-Thomas space of order d (C X)

What we need is to find a “proper” wy, € RT}?Jr1 for given v, € Lﬁ such that

(wn, Vo= (vn, fla, YfeV.

Saddle point problem to find optimal wy,

Given approximate eigenvector vy in L;il, consider the problem of finding
(wh, pr) € RTT x X sit.

{ (wh,qn) + (pn,div gn) =0 Vgu € RT;T Ko

(div wp, gn) + (vn,gn) =0 Vg, € X}

o X the discontinuous FEM space of order d.
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Error constant in Ra quotient form

Computation example
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Example : Square-minus-Square domain

Computation parameters:
e Domain: (0,8)2\ [1,7]?%
@ Rough a priori eigenvalue estimation: A5 < 35 < Ag;
@ Singular base function used around the re-entrant corners;
@ Order of Lagrange FEM space L¢: d = 10.

[ 1
SN N | Sy S— ¢

Eigenfunctions corresponding to the leading 4 eigenvalues

| | i lower upper
N 1 | 9.1602158 | 9.1602163
2 | 9.1700883 | 9.1700889
o 3 9.1700883 | 9.1700889
4 9.1805675 | 9.1805681

Liu Xuefeng Research Institue for Science and Enginee|ERSEtRta el bt Tl GARIIEE A= R AN R R CA 2 I 1N 69 / 79



Error constant in Rayleigh quotient form

Application of Lehmann-Goerisch's theorem:

o Fourth order problem:

AAu = —AAu in Q; u:@:0on89.
on
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Variational formulation of the eigenvalue problem

Variational formulation: |
Vi={ve H*Q)| u=0u/dn =0 on 9Q}.

FindueVand A >0st.  (Au,Av) = A(Vu,Vv) Yo eV

Variational formulation: |l
D :={(p1,p2) € H}(Q)?| curlp=0in Q}.

Findu€ D and A >0s.t. (Vp,Vq) =A(p,q) Vg€ D.
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Error constant in Rayleigh quotient form

Application of Lehmann-Goerisch's theorem

Let X = Lo(Q)*. D is defined as before.
e M(p,q) = (Vp,Vq)) for p,q € D
® N(p,q) = (p,q) for p,q € D
e b(f,9)=(f,g)for f,ge X; M(p,q) =b(Vp,Vq).

o
\Y « . [ div
re(2). re (8
Give an approximation solution v = (v1,v2) € Dy, we seek w € X s.t.

b(w,Vg) = N(v,g) forallge D. (8)
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Error constant in Rayleigh quotient form

Application of Lehmann-Goerisch’s theorem

We further consider the following optimization problem:

min  [jwp|?
wp, satisfies (8)

By using the Lagrange multiplier method, we obtain such a saddle point problem.

Saddle point problem
Find wy, € (RT%1)?, ny € LI+, p, € (DGE)? such that
(wn, Wn) + (divwy, + curl g, gn) + (pn, diviy, + curl i) = —(v, gr)

for any Wy, € (RTd+1)2, iin € LY, gy € (DGZ)Q.
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Error constant in Rayleigh quotient form

Computation examples
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Buckling plate eigenvalue problem

Buckling plate eigenvalue problem

AAu = —-AAu, u=0u/dn=0on I9,
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Buckling plate eigenvalue problem

Buckling plate eigenvalue problem

AAu = —-AAu, u=0u/dn=0on I9,

Computing environment
Software/Library:

@ FEniCS project with dolfin package. (High-order FEM)
@ Boost Interval C++ library, INTLAB interval toolbox of Matlab.
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Error constant in Rayleigh quotient form

Buckling plate eigenvalue problem

Buckling plate eigenvalue problem

AAu = —-AAu, u=0u/dn=0on I9,

Computing environment
Software/Library:

@ FEniCS project with dolfin package. (High-order FEM)
@ Boost Interval C++ library, INTLAB interval toolbox of Matlab.

@ The computation results are correct up to rounding error.
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Error constant in Rayleigh quotient form

Buckling plate eigenvalue problem

Unit square domain Q2 := (0,1)?

ANESTNFIITANSSSY
NN NN

001D ey

000050

0000500

00010

Figure : Left: triangulation for domain; Right: du/dx

Eigenvalue bounds

@ Approximate eigenvalues
A1 &2 52.3446989, Ao & 92.1244138, A3 = 92.1244138.

o Eigenvalue bounds: ( 64 triangle elements; d = 6; p = 85.0)

52.34468 < A\ < 52.34470
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Buckling plate eigenvalue problem

Unit triangle domain T': three vertices (0,0), (1,0), (1,1).

0000600 sy

500005
-0000375|
-00007m!

Figure : Left: triangulation for domain; Right: du/dx

Eigenvalue bounds

@ Approximate eigenvalues
A1~ 139.574, Ao = 205.554, A3~ 247.864.

o Eigenvalue bounds: ( 32 triangle elements; d = 6; p = 200.0)

139.57361 < \; < 139.57435
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Buckling plate eigenvalue problem

L-shaped domain Q := (0,2)?\ [1,212

NNNANNNN]

000 oy

ooorzs
oomss0
ucmv75I
0000

Figure : Left: non-uniform mesh for L-shaped domain; Right: du/dz

Eigenvalue bounds

@ Approximate eigenvalues
A1 & 32.14275, A9 =~ 37.01887, A3 ~ 41.944099.

@ Eigenvalue bounds: (204 triangle elements; d = 6; p = 36.0)

32.09448 < A\ < 32.135839
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Summary

We proposed a framework to give high-precision eigenvalue bounds:

Rough eigenvalue bounds _|_ Lehmann-Goerisch's theorem
(lower order FEMs, hyper-circle equation) (high order FEMs, saddle point problem)

High-precision eigenvalue bounds for
M(u,v) = AN(u,v)
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