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Accelerate Iterative Methods

Good Algorithms

Good Preconditioners
Parallel Algorithms
Good Implementations
Accurate Computations
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Convergence history of Bi-CG part Convergence of Bi-CG part: Quadruple

( reconstruct Bi-CG using alpha and beta in each methods) ( reconstruct Bi-CG using alpha and beta in each methods)

reconstructed BiCG using BiCG-part in each methods reconstructed BiCG using BiCG-part in each methods in Quadruple
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- Convergence history based on one Bi-CG
How BI-CG part WOFkS? (alpha and beta in Bi-CG are used in all methods)

 Bi-CGSTAB converges by an effect of MR part e ot s on 1 i
( Bi-CG part is still unstable) i

» GPBI-CG makes Bi-CG part stable

» CGS did not converge in Quadruple arithmetic

* In Quadruple arithmetic, simple Bi-CG is the best o, |
( Bi-CG is much affected by Rounding errors) _ 1
e In Quadruple arithmetic, Bi-CG part in Bi- — sooene
CGSTAB is bad convergence even if Bi-CG
Converges. 12y 100 200 . 369 200 500 600
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Convergence history based on one Bi-CG
(Quadruple arithmetic is used for Bi-CG)

Convergence history based on one Bi-CG
(Quadruple arithmetic is used for ALL)

alpha and beta based on BiCG in Quadruple-arithmetic
T i T T

Basic methods — Quadruple arithmetic
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How accelerating polynomial works

Seventh SIAM Conference on H. Hasegawa, K. Abe, and S.-L. Zhang
Applied Linear Algebra 2000

Qudaruple arithmetic works very well.

If enough accuracy was provided, Bi-CG was the
best.

Bi-CGSTAB and GPBIi-CG work well.

In Quadruple arithmetic, sometimes it works as
braking not as accelerating.

GPBI-CG is robust in both two conditions.

CGS does not work in both conditions because of
“squared”.

Utilizing Quadruple-Precision
Floating Point Arithmetic
Operation for the Krylov

Subspace Methods

Seventh SIAM Conference on H. Hasegawa, K. Abe, and S.-L. Zhang
Applied Linear Algebra 2000
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BICG Gamma=1.3
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BICGSTAB Gamma=1.3
Dependency of Mantissa BICGETAB, Gamma =13
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BICG Gamma=2.5
Dependency of Mantissa BiCG, Gamma = 2.5
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BICGSTAB Gamma=2.5

Dependency of Mantissa BICGSTAB, Gamma = 25
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Dependency of Mantissa GPBICG. Gamma = 2.5

 Fast and smooth convergence are gained from
More accurate computations.

* Required Mantissa is based on the problems:
BiCG 53 bit for Gamma=1.3

100 bit for 1.7
200 bit for 2.1
200 bit for 2.5

* Required Mantissa depends on Algorithms:
BiCG 200 bit and 190 iterations
CGS 300 bit and 160
X BICGSTAB 1500 bitand 210

x GPBICG 300 bit and 310 (Gamma=2.5)

SIAM Conference on
Applied Linear Algebra 2003
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High Precision Arithmetic

* Reducing round-off errors
» Accelerating algorithms mathematically
* Not easy to use

JSIAM Applied Mathematics Seminar, Dec. 27, 2013
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High Precision Arithmetic
without any Special Hardware

» Symbolic Computation (Computer Algebra)
» Variable length Multiple Precision

- GMP

— MBLAS

— exflib
» Fixed length Multiple Precision

— FORTRAN REAL *16

— IEEE

— Double-double

JSIAM Applied Mathematics Seminar, Dec. 27, 2013 21

Our Solution:
Utilize Accurate Computations
for Iterative Methods

e Use Double-double

» Use D-D vectors and Double Matrices
(Mixed Precision Arithmetic Operations)

Accelerate by SIMD

Restart with different Precision
Automatic Tuning

Good tools

JSIAM Applied Mathematics Seminar, Dec. 27, 2013 23

Important points!

e Full or Partial
One Precision or Mixed Precisions

e Computing Environment
Compiler/Emulation/Interpreter

* Program Interface, API

JSIAM Applied Mathematics Seminar, Dec. 27, 2013 22

Advantages

» Tough for round-off errors

« Small Additional Memory

» Small Additional Communications
e Much Computations

» Applicable for ALL Iterative Methods
(even if serial computation such as ILU)

JSIAM Applied Mathematics Seminar, Dec. 27, 2013 24



Double—Double(DD), Quad—Double(QD)

One DD number uses two double precision numbers.
One QD number uses four double precision numbers.

QD A=ag + a1 + as + a3
|a’:-‘.+1| S %111[_)(01‘,), (Z = 01 1:2)

Implementation of Fast
Quadruple Arithmetic Operations

*ulp (units in the last place)

Arithmetic operation is performed by
using normal double precision operations.

_ _ _ - D. H. Bailey, QD (C++ / Fortran—90 double—double and quad-double package),
JSIAM Applied Mathematics Seminar, Dec. 27, 2013 Available at http://crd.Ibl.gov/” dhbailey/mpdist/ 26

Round-off Error Free
Double Arithmetic Addition

* Round-off error free addition can be done
with two double precision variables:

Implementation of Double-double Arithmetic

* Quadruple value is stored in two double
floating point numbers
— Double-double arithmetic: a = a.hi + a.lo,

|a.hi|>|a.lo] a+b=fla+b)+err(a+b)
— 8 bits less than IEEE standards
— Effective digits are approx. 31 vs. 33 digits. —a,b:double floating point variables
double-double arithmetic —fl(a + b) :addition of a and b in double
SXPORENY Mantissasabit | 4| | 0ole™ Mantissa 52 bit —err(a+b):(a+b) —fl(a+b): error

|IEEE Standards

exponent

15bit Mantissa 112bit

JSIAM Applied Mathematics Seminar, Dec. 27, 2013 27 JSIAM Applied Mathematics Seminar, Dec. 27, 2013 28



Basic Algorithm Quadruple Addition of a=b+c
b.hi b.lo + c.hi c.lo
« Dekker showed round-off error free | '
addition in double A. TWO_SUM for upper parts
b.hi + c.hi — sh eh
|a|>=|b|] 3flops. Others 6flops.
FAST_TWO_SUM(a,b,s,e) |TWO_SUM(a,b,s,e) B. Addition of lower parts
s=a+b s=a+hb b.lo + clo = | blo+clo
e=b- (s - a) V=s-a N
e=@-(G6-Vv)+(@MB-vVv) C. Addition of result and error of upper part sh A:
al ] s % b [ b.lo+clo |+ eh = eh —
sh
b [T ] al | sa ] D. FAST_TWO_SUM of results A and C il
S e —_ H
% | ] sh + eh - ahi alo
JSIAM Applied Mathematics Seminar, Dec. 27, 2013 29 JSIAM Applied Mathematics Seminar, Dec. 27, 2013 30

.- Number of operations “
Quadruple Addition of a=b+c .
= * | total
ADD(a,b,c) 20 flops . /
TWO_SUM(b.hi,c.hi,sh,eh) addition, subtraction 11 0 0 11
;LVO;SE?’]'(E';CI”C' fo,sl.el) DD | multiplication 15 9 0 24
FAST_TWO_SUM(sh,eh,sh,eh) division 17 8 2 | 27
eh = eh + el dditi b . 4 4
FAST_TWO_SUM(sh, eh,a.hi,a.10) adaitiory:subtraction | - 8 040 |8
QD | multiplication 163 46 0 209
a=(a.hi,a.lo), b=(b.hi,b.lo), c=(c.hi,c.lo) Ton 213 88 5 | s06

JSIAM Applied Mathematics Seminar, Dec. 27, 2013 31

*sloppy algorithm

JSIAM Applied Mathematics Seminar, Dec. 27, 2013
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Minimal Requirement
MuPAT

+/-

*

/ - MuPAT (Multiple Precision Arithmetic Toolbox) [2]
SORT ~ Double, DD, and QD as Scilab toolbox

— Acceleration using C external functions

Input function

Output function (print)
T. Saito, E. Ishiwata and H. Hasegawa, Development of quadruple precision arithmetic toolbox
Others QuPAT on scilab, ICCSA2010, Proceedings Part II, (2010)

S. Kikkawa, T. Saito, E. Ishiwata and H. Hasegawa, Development and acceleration of multiple
precision arithmetic toolbox MuPAT for Scilab , JSIAM Letters, Vol. 5, pp. 9-12 (2013)

JSIAM Applied Mathematics Seminar, Dec. 27, 2013 33 JSIAM Applied Mathematics Seminar, Dec. 27, 2013 34

Ease of Use Scalar, Vector, and Matrix are treated
as “constant” data type in Scilab
By trial and error

) constant
No Programming code size
Interactive L
: ; Scalar a= 1o 1X1

Combination of D, DD, and QD

Any machine +
Vector a=1[12] 2% 5
Matrix a=1[1324] 2x2 5 4

JSIAM Applied Mathematics Seminar, Dec. 27, 2013 35 JSIAM Applied Mathematics Seminar, Dec. 27, 2013 36



Extension of Data types & Operators

constant dd: quadruple qd: octuple
—_—
«— «—
2 X constant 4 X constant

Same operators {+, -, *, /} and functions should be defined
between these data types.

JSIAM Applied Mathematics Seminar, Dec. 27, 2013 37

Extension of data types in two directions

0D

Ext.
\\
constant dd constant
Ext.
~
sparse
P JSIAM Applied Mathematics Seminar, Dec. 27, 2013 ddSp sparse 59

“sparse’ data type in Scilab

COOformat ar-

(Coordinate list) ( 4.' 4) sparse

matrix
2 5 ¢ 1, 2 2.
¢ 1, 4 5.
! (2 1 1.
4 ( 3 3 4
3 ( 4, 2 3.

row column value

O “sparse” data type
» Operators ( +, —, %, /) are provided.
» Reducing memory space:
v # of Non zero is 5%—7.5% of constant data type

JSIAM Applied Mathematics Seminar, Dec. 27, 2013 38

Addition and Subtraction

Function name operation
0,
()/"Sp—a—qd sp +qd » QD sparse A + B
%qd_a_sp qd + sp .
%qdsp_a_qdsp qdsp + qdsp 1000 times
%qdsp_a_ddsp qdsp + ddsp A, B :qdsp, N =1000,
%ddsp_a_qdsp ddsp + qdsp # of Non zero 5%
%qdsp_a_sp qdsp + sp
%sp_a_qdsp sp + qdsp .
%qup_a_qd qup + qd SC|Iab e 4765 sec
%qd_a_qdsp qd + qdsp C functions === 92.35 sec
%qdsp_a_dd qdsp + dd .
%dd_a_qdsp dd + qdsp Scilab onIy
%qdsp_a_s qdsp + double
%s_a_qdsp double + qdsp
%ddsp_a_qd ddsp + qd » Same algorithms with dense
%qd_a_ddsp qd + ddsp

JSIAM Applied Mathematics Seminar, Dec. 27, 2013 40



Multiplication Acceleration by C functions

Function name operation Repeated -I OA6 times Sec( ratio vs constant )

%sp_m_qd sp * qd .
%qd_m_sp qd * sp »> DD sparse Az 1,000 times ,{‘l:, / — 290 :g:
%qdsp_m_qgdsp  qdsp * qdsp ‘A :ddsp N=1,000,
SqdSpEmEACoIEaardshaddsn # of Non zero is 5% d # of double ! ! !
%ddsp_m_qdsp  ddsp * qdsp T -dd MUPAT 0.016 0.014 0.013
%qdsp_m_sp qdsp * sp .
%sp_m_qdsp sp * qdsp # of double 11 24 27
%qdsp_m_qd qdsp * qd Scilab**- 1135.78 sec DD MuPAT 0.21 (12.8) 0.39 (28.4) 0.39 (30.6)
%qd d d*qd .
0/22 d;;“—rg Zz g dqu* ZS C function=++ 10.92 sec MUPAT with C 0.26 (16.4) 0.31 (22.8) 0.32 (24.9)
%dd_m__qasp dd * qdsp :> Use C functions # of double 91 217 649
quds"—r;—s gds‘;l* d°“db'e QD MuPAT 2.91 (181.7) 4.21 (309.7) 21.29 (1663.5)

6s_m_qdsp ouble * qdsp k =9
RS > Sparse * Sparse = ? [4] MUPAT with C 034 (21.1) 0.39 (28.3) 039 (30.3)
%qd_m_ddsp qd * ddsp

[4] Timothy A. Davis, Direct Methods for Sparse Linear Systems, SIAM, Philadelphia (2006). ] Intel Core i5 2.5GHz, 4GB, Windows 7,Sci|ab version 5.3.3

JSIAM Applied Mathematics Seminar, Dec. 27, 2013 41 ’ JSIAM Applied Mathematics Seminar, Dec. 27, 2013 42
Overview of new MuPAT B Memory Consumption
A$‘7
] Scilab ] —| MuPAT

__od I Viatrix Vemory (M)
Sparsity|constant sparse| dd ddsp| qd qdsp

m b / m 4 1% 8.00 0.12 | 16.00 0.25|32.00 041

B 5% 8.00 0.60 | 16.00 1.21|32.00 201

m ! functions m C 10% | 800 121 |16.00 2.41(32.00 401
D 66% | 800  7.92 [16.00 15.85|32.00 26.40

E 80% | 800  9.60 |16.00 19.21 |32.00 32.01

=/

=%/ =t/

functions functions functions

il
10
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Result of matrix operations

(Memory)

Sparsity Memory (MB)

ddsp qdsp

Ax - - -
Bx - - -
Cwx - - -
A+B 6% 1.43 2.39
C+4 11% 2.63 4.39
B+C 15% 3.49 5.82
AB 40% 9.51 15.98
CA 63% 15.17 25.17
BC 99% 23.86 39.73

JSIAM Applied Mathematics Seminar, Dec. 27, 2013

BICG for ill-conditioned
Problems

Result of matrix operations
Computation Time, 100 times)

Matrix . . Time (sec.)
Iterations  Residual Error | constant sparse c/s
p | west0a7 T 1.02e+02  3.70e+05 301 28 138
gre_1107 T 6.97e+03  1.69%e+04 278.7 4.1 68.7
tols2000 g 8.06e+02 2.34e+00 998.6 4.7 2117
sherman3 t 1.73e-03  6.24e-01 6749.1 11.7 577.6
7 Time (sec.)
Mstax Iterations  Residual Error dd ddsp dd/ddsp
DD west0497 t 2.18e-01  7.73e+02 303.7 15.0 20.2
gre.1107 1 2.40e-01  9.08e-01 1828.9 212 86.2
tols2000 1586 9.29%-13  3.55¢-09 9383 4.1 228.7
sherman3 T696 9.98e-13 1.05e-13 312274 458 681.9
2 Time (sec.)
Matzzx Iteraions ~ Residual Error qd " gdsp  qd/qdsp
D west0497 2676 0.09-13  3.50e-08 306.0 7.0 43.84
Q gre 1107 3401 8.5%-13  3.05e-11 2136.2 176 121.3
tols2000 1080 6.77e-13 1.96e-09 23428 7.1 328.5
sherman3 4884 935e-13 1.73e-13 - 91.1

+ : More than 10 iterations, - : Out of Memory

JSIAM Applied Mathematics Seminar, Dec. 27, 2013

Time (sec.)
dd ddsp dd/ddsp qd qdsp qd/qdsp
Ax 4.10 0.03 141.5 20.73 0.15 134.6
Bx 4.13 0.14 30.2 20.76 0.74 28.0
. Cax 4.10 0.32 13.0 20.81 1.49 14.0
%4+ B 636 0.64 10.0 1597  Ll6 13.7
11% C+4 6.40 1.25 5.1 15.66 2.14 7.3
15% B+C 6.35 1.69 3.7 15.85 2.90 55
40% B 2245.59 5.21 430.9 14909.50 1227 1214.7
63% CA 2288 42 8.10 2826 14964.51 20.84 718.1
- BC 2282.17 16.54 138.0 14954.12 71.61 208.8
70
JSIAM Applied Mathematics Seminar, Dec. 27, 2013
45 46
Lis & Lis-test
a Library of Iterative Solvers for
linear systems
JSIAM Applied Mathematics Seminar, Dec. 27, 2013 48



Lis has more than 10*13*11 combinations

Precond. Solvers Storage Format
Jacobi CG CRS: Compressed Row
SSOR BiCG CCS: Compressed Column
ILU(K) CGS MSR: Modified Compressed
Hybrid BiCGSTAB Sparse Row
I+S BiCGSTAB(I) DIA: Diagonal
SAINV GPBICG ELL: Ellpack-Itpack gen. diag.
SA-AMG BiCGSafe JDS: Jagged Diagonal
Crout ILU Orthomin(m) COO: Coordinate
additive GMRES(m) DNS: Dense
schwarz TFQMR BSR: Block Sparse Row
;J:f?r:ed Jacobi BSC: Block Sparse Column
Gauss-Seidel VBR: Variable Block Row
SOR
JSIAM Applied Mathematics Seminar, Dec. 27, 2013 49

Design of Fast Quad. Operations for Lis

e Same API with Double

Double: Input (A, b, x, )

Double: Output

Double: Creation of Preconditioner M

Fast Quad.: Iterative solution x
All working variables

Fast Quad.: Application of Preconditioner
Mu=v

JSIAM Applied Mathematics Seminar, Dec. 27, 2013 51

Make matrix
Make vector
Define Solver
Set Values
Set conditions

OO UTAWN —

ONO Ok WNE

o

©

Steps

: LIS_MATRIX A;

: LIS_VECTOR b, x;

© LIS_SOLVER solver;

tint iter;

: double times, itimes, ptimes;

© lis_initialize(arge, argv);

© lis_matrix_create (LIS_COMM_WORLD, &A) ;
. lis_vector_create (LIS_COMM_WORLD, &b) ;
© lis_vector_create (LIS_COMM_WORLD, &x) ;
. lis_solver_create (&solver) ;

o lis_input (A, b, x, argv[1]);

. lis_vector_set_all(1.0,b);

: lis_solver_set_optionC(solver);

© lis_solve(A b, x, solver)

© lis_solver_get_iters(solver, &iter);

© lis_solver_get_times(solver, &times,

&itimes, &ptimes) ;

sprintf (“iter = %d time = %e (p=Y%e

i=%e)¥n”, iter, times, ptimes, itimes);

© lis_finalize():

JSIAM Applied Mathematics Seminar, Dec. 27, 2013

Acceleration

e SIMD is used for vectors (dot, axpy, matvec)
— SSEZ2: 2 Multiply-and-add in same time
— AVX: 4 Multiply-and-add in same time
— AVX2: 4 Fused Multiply-and-add in same time
e 2 0r4 FMA in a loop with loop unrolling
— pd instruction of SSE2 can be used for all
» Code tuning
— Alignment
— Some hand optimization

JSIAM Applied Mathematics Seminar, Dec. 27, 2013



Architecture of intel core i7 2600k

Kogakuin University

_—Normal instruction (SISD)

— SSE2
’—\/AVX
Floa;i(r;c?err)oint X, | %, [ %3 [ %, X1 | X, | X3 |X, | Floating point
+l+]1+1+ x| x| x|x multiplier
Yi|Y2|Ys|Ya Yi|Y2|Ys|Ya
256bit load x 214 11| 256bit load x 2
256bit store X 1] | ¥ ¥ 256bit store x 1
SIMD register

* Addition and Multiplication in parallel

* Peak performance
3.4G X 4 (AVX) X 2 (adder + multiplier) = 27.2 GFLOPS / core

= 108.8 GFLOPS (4core)
10TH INTL. CONF. on PARALLEL PROCESSING and APPLIED MATHEMATICS 2013 53

Performances of DD vector operations (in cache)

Kogakuin University

120
o0 [ T — (@ core)
_100
2 m 1 thread
o m 4 threads
& 80
[0)
(&)
c
IS
£
o
g

27.2 Peak

) (1 core)

axpy axpyz xpay dot nrm2 scale
Name of vector operations (N = 105)
10TH INTL. CONF. on PARALLEL PROCESSING and APPLIED MATHEMATICS 2013 55

Vector operations (BLAS1)

Kogakuin University

Operation | Memory access The number of
(Load + Store) double precision operations

(add+sub : mult)
axpy y=ax+y 4+2 35 (26:9)
axpyz z=ax+y 4+2 35 (26:9)
xXpay y=X+ay 4+2 35 (26:9)
dot val=x -y 4+0 35 (26:9)
nrm2 val = ||X?| 2+0 31 (24:7)
scale X = ax 2+2 24 (15:9)

X, Y, z : DD vector; a, val : DD variable

“GFLOPS” := (# of double precision op. * N) / elapsed time

10TH INTL. CONF. on PARALLEL PROCESSING and APPLIED MATHEMATICS 2013 54

Performances of multi-threading (axp

Kogakuin University

70
—1 thread
. —2 threads

60 -
- | L3 cache size 3 threads
(%] —
£ 50 _ 4 threads
—
G
40 i
(@]
G g (T
£ 30 9 Bounded by
2 memory bandwidth (21.2GB/s)
P = =

10 - 109%

82% 76%
0

2 2.6 4 6 8
Size of vector N (x105)
10TH INTL. CONF. on PARALLEL PROCESSING and APPLIED MATHEMATICS 2013 56



Reducing memory access Performance of SpMV
Kogakuin University Kogakuin University

50
. m 1 thread = S
CRS (compressed row storage) format is used 15 4 thronds — LS L S .
— S g M
n 40
Bytes / flops of y = Ax 8 o :
—
S
Bytes / flops S 30 . Sl v Y L
Vo = Ao 14 (28 bytes / 2 flops) 825 < i i i
M
Yoo = AooXop 1.5 (52 bytes / 35 flops) € 2 | i | | |
© Ypp = ApXpp 1.3 (44 bytes / 33 flops) 215 I I I
& 10
* Yoo~ ApXpp
o DD arithmetic is bounded by memory access
; ; ; i ""0/;@ (0%, O"éocoéoo Sag, Segpn *&f/r%coz (e ““% %%/r /f‘” R % %6 &%4' as@‘%éo%%’@ 5
Input matrix A will be given by double precision iy 0y /eﬁoq,; %’,evq 5y 73, f;, »/, S :@Qﬂ? \pqgf,s%@*«,s%
o Data size is a half Small <8 MB (incache) ~ © 7 % Gio%
. &1
E/Iaerdlgm <15MB Name of matrix (nnz/row) K
10TH INTL. CONF. on PARALLEL PROCESSING and APPLIED MATHEMATICS 2013 57 98 L0TH INTL. CONF. on PARALLEL PROCESSING and APPLIED MATHEMATICS 2013 58

Performance of SpMV (bandmatrix (CRS), bandwidth=32) Performance of Trans: osed SE MV
Kogakuin University Kogakuin University

45 —[252m] e Py oo 8 .
40 — 238% 45.0 © SpMV 1 thread e o e Y o ¢ °
N— — — ) 7400 | ®SPMV 4 threads ° o et ° e

_35 - § 35.0 °
o L3 cache size / o °
0 30 p—— ©.30.0 ® o x z
7 | R B 11°111
o x3.2 Not bounded by x3.2 8 25.0 e | |
%25 : © 25. .
§ memory bandwidth (21.2GB/s) 220.0 ° I . I I I I I i I
g 20 5150 .l 1111
S15 | |[76%] [75%] 8100
= .
%10 50 |

. —1 thread 00 = o o Spy e b g, b Mo 75 b

> [a¥ /¢
—4 threads R oty ij@eg R qu%; et ,7;%%1 o) B @Of% ol oy,
57 Y98, ‘997/96@ 2 9 By @@@v\* (s@fs'
0 T T T T ") //7 /e /9 s, ,@ ‘@7‘77) S0 /1 s Ss)
0.125 0.19 0.25 0.5 1 2 4 o? %
Size of matrix N (x10°) Name of matrix(nnz/row) ",
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Time for 50 BICG lterations
Poisson (n=10"6, CRS), Xeon 2.8GHz

180
160
140
120
100

Ve

N
S

80
60

x32 [

FEATER)

40
20

L iuia

0

DOUBLE Lis QUAD FORTRAN QUAD

DOUBLE Lis QUAD FORTRAN QUAD
Matrix A(CRS) | 4(n+nnz)+8nnz | 4(n+nnz)+8nnz | 4(n+nnz)+16nnz
Vector b 8n 8n 16n
Vector x 8n 16n 16n
Workings 6*8n 6*16n 6*16n
sum 121.9MB 175.8MB 221.6MB
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Convergence History of A4 with
Preconditioned BICG
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1.00E+05
1.00E+03

1.00E-01
1.00E-03
1.00E-05
1.00E-07
1.00E-09
1.00E-11
1.00E-13

Relative residual 2—norm

1.00E+01 |

0 500 1000 1500 2000

Number of iterations

— Jacobi-

BiCG(DOUBLE)

— ILU(0)-

BiCG(DOUBLE)

SSOR-BiCG(DOUBLE)

ILUC-BiCG(DOUBLE)

—— Jacobi-BiCG(QUAD)
— ILU(0)-BiCG(QUAD)
—— SSOR-BICG(QUAD)

—— ILUC-BIiCG(QUAD)
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Comparison of Real *16 vs. Fast
Quadruple with BICG

rdb2048| (n=2048,cond=1.8E+3) 0lm1000 (n=1000,cond=3.0E+6)

1E+03 1E+03
—— Lis QUAD
1.E+01 — FORTRAN QUAD 1.E+01
1E-01 1E-01 |
2 1E-03 = 1E-03
# »\w
1E-05 1E-05 |
# Ny #
& 1E-07 RAE-07
= 4 =
1E-09 \&\ 1E-09 |
1E-11 A\ 1E-11 |
1E-13 : : : 1E-13
0 50 100 150 200 0 100 200 300 400 500 600 700
REEH REEH

» Almost same accuracy (At most 10%)!
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Lis-test for evaluation

e QOver 2K combinations:

10 Preconditioners x 13 Solvers x 11 Storage formats x 2 precisions

* Not necessary to install. Run from USB

» Prepare Matrix data as text file with Matrix
Market’ exchange format

* Run in parallel if the PC has multi-core
» To click, solutions, history, etc are computed
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£l Lis—test for windows 0.1

Matrix & |C¥Documents and Settines¥hasegar Open | Gancel | - Conditions - - - I
RHSb & File © b=l dFT ¢ bef* 4,007 lik[RAROI2 <= 10e-D12  Madters = [1000 O I I I ar I SO n IS O n e e aSI
Open | Gancel | | Storaee CRS  + -
Dimension: 37054 x 37054 Precision  [Quaduple v| #of Threads [1 =
Nonzeres | G44430 Gonvergence History X
Include b Yes Preconditioners
Solvers I Hone ALl | GLEAR 1E+0 O-bice
e | AL | oLear| || dacobi iD=
W BicG W BIGR A Joeer] | e k= | Y IO e
I GGS I GRS [ LUt drop = [0 rate = [100 1E-2 % j\u(O)fb\cgstab
[~ BICGSTAB [~ BIGRSTAB [~ CrostllU  drop= 01 rate = [100 LY iu0i-crs
W GPEIGG ¥ GPEIGR [~ SSOR CE) fiEe I
[ BiCGSafe [ BiGRSats I™ Hybrid SOR x| w= 18 =
[~ TFQMR [ BICGSTABD 1= 2 tol= [T0e-003  Maudter= [25 o %
[~ Jacobi [~ GMRES(m  m=HD_ I Bs m= & alpha= [0 518 %
[~ Gauss-Seidsl [~ FGMRESGIm) m=H0 [~ SAINV drop= [0 =] b
[Fsor  w=[18 [ ORTHOMIN(m) m=[40 [~ SA-AMG 2 ‘\
S1ES8 ¥
seT | [EW HsTORY | I 4
g i
“1E10 |
[ Sokver [ Precon [PIT [Mer. [See. [pere [psol [isol [TRR [ Stora. [Opt B b
RDY  bice iy a CRS "G .
RDY  epbice ity a1 GRS "C? W i
RDY  bicr il (0 Qa1 CRS "G TEAR \
RDY  epbior ity o GRS G2 i i ¥y f
0 4 8 12 16
Mumber of iterations
< >
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Algorithms Basic ldea of Restart
* Until Now:
(1)Solve Ax'=b with some initial value x,

(2)Solve Ax=b with an initial value x”

— In general, (1) and (2) have same spaces, same
methods, and same precisions

— (1) and (2) have same spaces, same methods but
different precisions
(combination of Double and Fast Quadruple).
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SWITCH Algorithm

» Restart with different precision arithmetic

— Current solution x, is passed at the restart

— Upper and Lower part of Double-Double var.

are stored in different arrays
— Only Upper part is used for

Double Precision

— Two Stages are
performed by
Different Precisions

for(k=0;k<matitr;k++){
The first step

Clear all values except x
for(k=k+1;k<maxtr;k++) {
The second step
if( nrm2<tol ) break;

if( nrm2<restart_tol ) break;

JSIAM Applied Mathematics Seminar, Dec. 27, 2013

Teoplitzy=1.3, n=10"5

iter.
total double sec.  ||b—Ax]|
FMA2 SSE2 113 0 6.60| 2.47E-10
SWITCH & =1.0E-09 95 74 2.33| 2.53E-10
£ =1.0E-10 95 86 1.82| 2.51E-10
£ =1.0E-11 103 100 167 9.34E-11
PERIODIC num=1 - -
num=2 - -
num=3 - -
num=4 - -
num=>5 107 52 3.98| 3.16E-10
num=6 118 46 489| 2.02E-10

— Epsilon is restart criterion of DQ-SWITCH
— Num: Quad. Ops. Used num times per 10 iterations

JSIAM Applied Mathematics Seminar, Dec. 27, 2013

69

71

PERIODIC algorithm

» A Fast Quadruple is used each k iterations
— All values are passed at the change

— No cost at the change of Q > D

— Lower part is cleared at the change of D 2 Q

for(k=0:k<maxitr;k++) {
if( k%interval<num ) {
Fast Quadruple is used
}else {
Lower part is cleared
Double is used

}
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Convergence History

1.0E+00 1.0E+00
c — DOUBLE c — DOUBLE
5 1.0E-02 — QUAD & 1.0E-02 — QUAD
= — DQ-SWITCH( & =1E-11) € — DQ-SWITCH( & =1E-8)
N 1.0E-04 S 1.0E-04
E 3
S 1.0E-06 g 1.0E-06
o b,
2 1.0E-08 2 1.0E-08
g i
§1.OE—10 € 10E-10
1.0E-12 1.0E-12

50 100 150
Number of iterations

50 100 150

Number of iterations

 DQ-SWITCH is good convergence
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Epsilon dependency

r=13 r=14
iter. iter.
& total double quad sec, total double quad sec,
QUAD 113 2.88 155
DQ-SWITCH 1.00E-03 114 2 112 2.87 156 2 154 3.94
1.00E-04 109 11 98 259 152 15 137 3.62
1.00E-05 105 23 82 2.26 146 31 115 3.16
1.00E-06 104 35 69 2.01 138 47 91 2.67
1.00E-07 95 47 48 1.58 123 65 58 1.96
1.00E-08 94 61 33 1.29 119 83 36 1.53
1.00E-09 95 74 21 1.08 -—
1.00E-10 95 86 9 0.86 -
1.00E-11 103 98 5 0.84 —
» Choice of appropriate epsilon is important
» Small epsilon reduces much computation time
» Smaller epsilon makes divergence
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1.0E+08
E 1.0E+06 T oAnE
|8 1.0E+04 —DQ-SWITCH( € =1E-4)
& 1.0E+02
S 1.0E+00
2 1.0E-02
® 1.0E-04
2 1.0E-06
S 1.0E-08
© 1.0E-10
1.0E-12
0 500 1000 1500 2000
Number of iterations
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iter.

— g is restaring criterion of SWITCH

airfoil_2d total double sec. ||b-Ax||

DOUBLE 4567 4567 18.64 | 3.25E-08

QUAD 3838 69.39 | 5.36E-10

SWITCH & =1.0E-10 4402 4091 24.25 | 3.15E-10

€ =1.0E-11 4331 4176 21.66 | 3.13E-10

€ =1.0E-12 4709 4567 22.87 | 3.56E-10

wang3 total double sec.  |Ib-Ax]|
DOUBLE 476 476 2.03 —

QUAD 372 7.31 | 1.49E-10

SWITCH &=1.0E-10 460 361 3.67 | 1.59E-10

€ =1.0E-11 459 444 242 | 9.22E-11

€ =1.0E-12 479 476 2.32 | 1.46E-10

language total double sec. ||b—Ax||
DOUBLE 39 39 3.42 —

QUAD 36 10.53 |4.25E-11

SWITCH &=1.0E-10 38 34 457 |1.71E-10

€ =1.0E-11 37 35 407 |4.20E-10

£ =1.0E-12 40 39 418 |4.47E-10

* QUAD and SWITCH improve 2 digits for solution’ quality

* SWITCH is 20% overhead on the double, however robu

Poisson (n=10"6, CRS), Xeon 2.8GHz
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Computation Time

e

Computation time

180

yAEN

160
140
120
100
80
60
40

AT,

20

DOUBLE

Mixed.

Lis QUAD

FORTRAN QUAD
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Auto Restart with Different Precisions

Convergent history shows three patterns:

— (C)Converge

— (D)Diverge —~—
— (S)Stagnate  ~_
\

1.0E+00

1.0E-02

—norm

o
T
o
=

i/

Relative fegldual
o
T
o
[e=]

— DOUBLE
— QUAD
— DQ-SWITCH( & =1E-11)

To Detect (D) and (S)

50 100
Number of iterations

150

restart at the point
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Electoronics BIiCG with ILU(O)

7

1.0E+06

E 1.0E+04

|8 1.0E+02

N 10E+00

©

3 1.0E-02

© 1.0E-04 W

g 10806 | b W’ I\

® 1.0E-08 | — QUAD

(0]

& 10E-10 | — DQ-SWITCH(& =1E-4) "'\M
1 0E-12 ADQ-SWITCH ‘ W,

0.0 20 40 6.0 8.0 100 12

Execution times (in seconds)

0

Divergence or Stagnation is detected.
Computation time is reduced.
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Auto Restart of DQ-SWITCH

» Compute deviation
of residual norm

_ 1 &( nrm(i) —nrm(2) i
= p%:( nrm(1) j
« (D) v>10°
* (S) v<10™

JSIAM Applied Mathematics Seminar, Dec. 27, 2013

}

if( nrm2 < nrm2_min )
nrm2_min = nrm2; x_bak = x;
nrm_bak[k%10] = nrm2;
if( k>=10) {
v=0.0; c=0;
for(i=0;i<10;i++) {
t = nrm_bak{i] - nrm_bak[(k-9)%10];
t =t/ nrm_bak[(k-9)%10];
V=V +
if( nrm_bak[(k-9)%10] <= nrm_bak([i] )
Cc =c+l;

v =v/10;
if(v<=0.1|| (c==10 && v>=100) ) break;
if( nrm2<tol ) break;

78

Mixed Precision Iterative Methods

» Complicated problems are solved with Mixed or QUAD.

» Overhead of the mixed precision iterative methods is

20%

 SWITCH is Good at least 2 digits with 20% more
— D - Q: easy, robust, however depends on timing of restart

e Auto restart of DQ-SWITH
— Deviation is used to detect *

JSIAM Applied Mathematics Seminar, Dec. 27, 2013

‘Diverge” or “Stagnate”

80




Parallel Issues for Fast Quad.

* Depends on the implementation of Ax,
ATx, M-1x, M Tx, and Matrix Storage
Format

» Data transfered is almost same

» Heavy Computation

—> Suitable for Distributed Parallel
» Less round-off errors
-> lighter preconditioner (easy to parallelize)
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Comparison of Double and DQ-SWITCH

» University of Florida Sparse Matrix Collection

. . . Size of memory
Matrix dimension| nnz -

Double |Lis Quad
airfoil_2d 14,214 259,688| 3.9MB 4.7MB
wang3 26,064 177,168| 3.7MB 5.1MB
language 399,130 1,216,334 | 39.8MB 61.1MB

JSIAM Applied Mathematics Seminar, Dec. 27, 2013
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Test Problems

) \
Poisson N\
— 2 dimension, FDM \\
— N=10"6, nnz=5x10"6 rdb2048l

rdb2048l (Chemical engineering)

— MatrixMarket, n=2048, nnz=12032, cond = 1.8x10"3
0lm1000 (Hydrodynamics)

— MatrixMarket, n=1000, nnz=3996, cond = 3x10"6  oJm1000
A4 (Electronic potential)

— n=23,994, nnz=214,060

Cryg10000 (CRYSTAL GROWTH EIGENMODES )

— UF Sparse Matrix Collection, n=10000, nnz=49699 A
circuit_3 (Circuit Simulation)

— n=12,127, nnz=48,137

cryg10000 N
JSIAM Applied Mathematics Seminar, Dec. 27, 2013 ) 82

Application Program Interface

Data Types (Precision)
Matrix Storage Format
Algorithms

Function names
Computing Environments
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The traditional way of using libraries

1. Preparation of matrices and vectors using
library-specific data structures

SILC 2. Function calls with a function's name and
its arguments in a prescribed order

As a result...

» User programs will depend on a specific
library

— Not easy to replace the library by another
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SILC: Simple Interface for Library Solving a system of linear equations
Collections Ax=Db
« Basic ideas * In the traditional way (using LAPACK in C)
. ; double *A, *b;
Data trans.fer and a reguest for computation int KL, ku. Ida, Idb. nhs, info, #piv:
— Mathematical expressions for the request ] dgbtrf (N, N, kI, ku, A, Ida, ipiv, &info); /* LU factorization */
— A separate memory space for the computation if (info == 0)
dgbtrs ('N', N, kI, ku, nrhs, A, Ida, ipiv, b, Idb, &info); /* solve */
Input data
T  InSIL
"X=A\b" - Separate ) SILC
User program > memory space silc_envelope_tA, b, x;
~— SILC_PUT ("A", &A);
Results [ ubfary Gotecins | SILCTPUT ¢, 8t
SILC_EXEC ("x =A\ b"); /* call a solver (e.g., dgbtrf & dgbtrs) */
SILC _GET (&, "X"):;
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Main benefits of using SILC

Source-level independence between user PC
programs and matrix computation libraries 'L’

— Easy access to alternative solvers and matrix
storage formats, possibly in other libraries pC

PC
— Instant porting to other computing environments
without any modification in user programs
You need to prepare only the smallest SMP
amount of data

PC

C S
— Temporary buffers are automatically allocated . QJ
Language-independent mathematical expressions

— Applicable in many programming languages (C, Fortran,
Python, MATLAB)
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Experimental results

About 0.1 second of data communications over the LAN
— Data size: 0.46MB (N=10,000) to 4.27MB (N=80,000)

SILC servers in (c) and (d) achieved better performance
because of parallel computation

10,000
™ —&— (a) Notebook PC
o
§ 1,000 | —o— (b) Altix3700 (1 thread)
2 —4— (c) OpenPower 710 (4 threads)
£ (d) Alix3700 (16 threads)
g 100 |
g
3 10 S |||
&
| —
1 =
10,000 20,000 40,000 80,000
Dimension N
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SILC servers in different computing

environments

* A user program (client) that solves Ax =b
— Where A is a tridiagonal matrix in the CRS format
— Run in the notebook PC of Environment (a)
— In a 100-Base TX local-area network

Environment

Specification OpenMP

@

A notebook PC

Intel Pentium M 733 1.1GHz, N/A
768MB memory,
Fedora Core 3

(b) SGI Altix3700 Intel Itanium2 1.3GHz x 32, 1 thread
32GB memory, Red Hat Linux
Advanced Server 2.1
(c) IBM eServer IBM Power5 1.65GHz x 2 4 threads
OpenPower 710 (4 logical CPUs), 1GB memory,
SuUSE Linux Enterprise Server 9
(d) SGI Altix3700 Same as (b) 16 threads

JSIAM Applied Mathematics Seminar, Dec. 27,2013

Functionalities

* Data structures
— Data types: scalar, vector, matrix, cubic array
— Precisions: integer, real, complex (single or double)
— Matrix storage formats: dense, banded, CRS

* Mathematical expressions

Binary arithmetic operators (+, —, *, /, %)

Solutions of systems of linear equations (A \ b)

Conjugate transposes (A'"), complex conjugates (A~)
Built-in functions
* Ex. "sgrt(b' * b)" is the 2-norm of vector b

Subscript

¢ Ex."A[1:5,1:5]" is a 5x5 submatrix of A

JSIAM Applied Mathematics Seminar, Dec. 27, 2013
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Conclusion

Accurate Computation

— Powerful tool for “Iterative Methods”

— Another choice for designing Algorithm
— Tool for analysis

MuPAT: Ease of Use of D-D and Q-D
Lis: Iterative Solvers with Fast D-D
Lis-test: the simplest tool

SILC: General Purpose API

JSIAM Applied Mathematics Seminar, Dec. 27, 2013
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Appendix A :
Algorithms for DD and QD Arith-

metics

We describe the details of the algorithms for
DD and QD arithmetics. The procedures of algo-
rithms are based on Knuth [5], Dekker [3], Priest
[9], Shewchuk [14], Bailey [1] and Hida et al. [4].

A.1 Preliminaries for DD and QD arith-

metics

In this section, we introduce some algorithms of
floating-point arithmetic.

Assuming that |a| > |b|, Algorithm A.1, Fast-
Two-Sum, produces a nonoverlapping expansion
s+ e such that a+b = s+e, where s is an approx-
imation to a + b and e represents the round-off
error in the calculation of s, in [14, p. 312].

Algorithm A.2, Two-Sum, is similar to Algo-
rithm A.1, but Algorithm A.2 does not require
the condition of |a| > |b].

Algorithm A.1 Fast-Two-Sum(a,b) :
la]> 0]

1: s<a®b

2: v+ 50a

e~ bowv

4: return (s,e)

Assume that

Algorithm A.2 Two-Sum(a, b)
l: s+ adb

2: v+ 50a

e+ (a0 (sov))® (bow)

4: return (s,e)

Algorithm A.3, Split, produces a 26 bit value
ap and a nonoverlapping 26 bit value a; such that
lap | > |a;| and a = ap, + ay, in [14, p. 325].

Algorithm A.3 Split(a)
114134217729 ® a

v—1tOa

cap +—1tOv

Lap—adSap

: return (ap,ar)

Uk W =

Algorithm A.4, Two-Prod, produces a nonover-
lapping expansion p + e such that a x b = p + e,
where p is an approximation to a x b and e rep-
resents the round-off error in the calculation of p,
in [14, p. 326].

Algorithm A.4 Two-Prod(a,b)
ip+—a®b
: [an, ar] «<Split(a)
: [bh, bl] (—Split(b)
e ((an®bhOP)Pan @b @ a1 ®@bn) ar @by
: return (p,e)

Uk W N~

Algorithm A.5, Two-Sqr, produces a nonover-
lapping expansion p+e such that a® = p+e, where
p is an approximation to a? and e represents the

round-off error in the calculation of p.

Algorithm A.5 Two-Sqr(a)

I: p—a®a

2: [an, ai] <Split(a)

e+ ((ah®anSp) ®(an @a;) ®2.0) B ar @ ay
4: return (p,e)

Algorithm A.6, Three-Sum, produces a nonover-
lapping expansion d + e+ f such that a +b+c¢ =
d+e+ f,in [4].

Algorithm A.6 Three-Sum(a, b, c)
1: [to,t1] + Two-Sum(a, b)

2: [d, t2] + Two-Sum(to, ¢)

3: [e, f] « Two-Sum(ty, t2)

4: return (d,e, f)

Algorithm A.7, Three-Sum2, produces two double-
precision numbers d = (a®b)®c and e = (a+b+
c) — s, in [4].

Algorithm A.7 Three-Sum2(a,b, c)
1: [to,t1] + Two-Sum(a,b)

2: [d, t2] «+ Two-Sum(to, c)

3 e=1t1 Dts

4: return (d,e)

Supposing that ag, a1, a9, a3 and a4 construct a
five-term expansion with limited overlapping bits,
with ag being the most significant component. Then
Algorithm A.8, Renormalize, produces a four-term
nonoverlapping expansion b4y = bo + b1 + b2 + b3.



Algorithm A.8 Renormalize(ao, a1, az2,as, as)

[s,t3] - Fast-Two-Sum(as, as)
[s,t2] + Fast-Two-Sum(az, s)
[s,t1] + Fast-Two-Sum(ay, s)
[bo, to] < Fast-Two-Sum(ao, )
[s,t2] + Fast-Two-Sum(tz, t3)
[s,t1] + Fast-Two-Sum(ty, s)
[b1, to] < Fast-Two-Sum(to, s)
[s,t1] + Fast-Two-Sum(t1, t2)
[b2, to] < Fast-Two-Sum(to, s)
thy3 =ttt

: return (bo, b1, b2, b3)

RO XD

— =

Algorithm A.9, Renormalize2, produces a four-
term nonoverlapping expansion b(gq) = bo + b1 +
bo + b3. This algorithm is similar to Algorithm
A8 except for the number of arguments.

Algorithm A.9 Renormalize2(ao, a1, az, as)
[s,t2] + Fast-Two-Sum(az, as)

: [s,t1] + Fast-Two-Sum(ay, )

¢ [bo, to] < Fast-Two-Sum(ao, s)

: [s,t1] «+ Fast-Two-Sum(t1, t2)

: [b1, to] < Fast-Two-Sum(to, s)

: [b2, b3] « Fast-Two-Sum(to, t1)

return (b()7 bl7 b2, b3)

N T WD e

Table 11 shows the number of double-precision
arithmetic operations for Algorithm A.1 ~ A.9.

Table 11: Number of double-precision arithmetic
operations for Algorithm A.1 ~ A.9

Algorithm | &, © ® Total
Fast-Two-Sum (A.1) 3 0 3
Two-Sum (A.2) 6 0 6
Split (A.3) | 3 1 4
Two-Prod (A.4) 10 7 17
Two-Sqr (A.5) 7 5 12
Three-Sum (A.6) 18 0 18
Three-Sum?2 (A.7) 13 0 13
Renormalize (A.8) 28 0 28
Renormalize2 (A.9) 18 0 18

A.2 Algorithms for DD arithmetic

In this section, we show the algorithms of four
arithmetic operations for double-double numbers.

A.2.1 addition

Algorithm A.10, dd_d_add, shows the procedure
for adding a double-precision number b to a double-

double number a4y and returns the double-double
number cgqy = co + ¢1. If you want to add a
double-double number b(4q) to a double-precision
number a, dd-d_add (bg, b1, a) returns the result.

d_dd_add is same as dd_d_add.

Algorithm A.10 dd_d.add (ao,a1,b)
1: [s, e] + Two-Sum(ao, b)
2:e+edar
3: [co, c1] < Fast-Two-Sum(s, e)

4: return (co,c1)

Algorithm A.11, dd_dd_add, shows the proce-
dure for adding a double-double number (44 to a
double-double number a 44y and returns the double-

double number c¢(44) = ¢o + c1.

Algorithm A.]_]_ dd_dd_add (ao, ai, bo, b1)
1: [s, €] <= Two-Sum(ao, bo)

2: e+ e®d (a1 ®b1)

3: [co, c1] + Fast-Two-Sum(s, e)

4: return (co,c1)

A.2.2 subtraction

Algorithm A.12 (A.13), dd_d_sub (d_dd_sub),
shows the procedure for subtracting a double- pre-
cision number b (a double-double number b4q))
from a double-double number a4y (a double-pr-
ecision number a) and returns the double-double

number c(4q) = ¢o + 1.

Algorithm A.12 dd.d.sub (ao,a1,b)
1: s+ —b

2: [co, c1] + dd-d-add (ao, a1, s)

3: return (co,c1)

Algorithm A.13 d_dd_sub (a,bo,b:)
1: S0 < 71)0

2: S1 < —bl

3: [co, 1] < d_dd-add (a, so, s1)

4: return (co,c1)

Algorithm A.14, dd_dd_sub, shows the proce-
dure for subtracting a double-double number b4
from a double-double number a44) and returns
the double-double number ¢(gq) = co + ¢1.
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Algorithm A.14 dd_dd_sub (llo, ai, bo7 b1)

Algorlthm A.18 d_dd.div (a, bo, b1)

1: sg 7b0

2: 81+ —by

3: [co,c1] < dd-dd-add (ao, a1, so, s1)
4: return (co,c1)

A.2.3 multiplication

Algorithm A.15, dd_d_mul, shows the procedure
for multiplying a double-double number a4qy by a
double-precision number b and returns the double-

double number ¢(gq) = ¢ + ¢1. d-dd-mul is same
as dd_d_mul.

Algorithm A.15 dd_d.mul (ao,a1,b)
1: [p, e] + Two-Prod(ao, b)

2: e+ e® (a1 ®b)

3: [co, c1] +— Fast-Two-Sum(p, )

4: return (co,c1)

co—a@by

[p, €] + Two-Prod(co, bo)

c1+ ((aop)oesc®bi) @b
[co, c1] < Fast-Two-Sum(co, c1)
return (co,c1)

Supposing that by # 0. Algorithm A.19, dd_dd_
div, shows the procedure for dividing a double-
double number a(4q) by a double-double number
b(dq) and returns the double-double number c(4q) =
co + C1.

Algorlthm A.19 dd_dd_div (a(), a1, bo, bl)
co  apg @ bo

[p, €] + Two-Prod(co, bo)

1 ((aep)Sed®ar©c®bi) @b

[co, 1] + Fast-Two-Sum(co, ¢1)

return (co,c1)

Algorithm A.16, dd_dd_mul, shows the proce-
dure for multiplying a double-double number a4q)
by a double-double number b(4q) and returns the
double-double number ¢(44) = ¢o + c1.

Algorithm A.16 dd_dd_-mul (ao, a1, bo, b1)

: [p, €] + Two-Prod(ao, bo)

e+ e® (ao®b1)

e+ ed (a1 ®bo)

: [co, c1] « Fast-Two-Sum(p, e)
: return (co,c1)

TU ks W N =

A.2.4 division

Supposing that b # 0 and by # 0. Algorithm
A.17 (A.18), dd_d_div (d-dd_div), shows the pro-
cedure for dividing a double-double number a 44
(a double-precision number a) by a double-precision
number b (a double-double number b44)) and re-
turns the double-double number c4q) = ¢o + 1.

Algorlthm A.17 dd_d_div (ao,a1,b)
tcp—ag@b

: [p, e] + Two-Prod(co, )

i1+ ((a0ep)Oe®arl) b

¢ [co, c1] + Fast-Two-Sum(co, c1)

: return (co,c1)

T W b =

Table 12 shows the number of double precision
arithmetic operations for double-double arithmetic.

A.3 Algorithms for QD arithmetic

A.3.1 addition

Algorithm A.20, qd_d_add, shows the procedure
for adding a double-precision number b to a quad-
double number a(,q) and returns the quad-double

number c(,q) = ¢p +¢1 + c2 + ¢3.

Algorithm A.20 qd.d_add (ao, a1, az,as,b)
: [co, €] + Two-Sum(ao, b)

c1, e] < Two-Sum(ay,e)

2, e] + Two-Sum(az,e)

cs, €] «+ Two-Sum(as, e)

60,61,62,63] + Renormalize(co, ¢1, c2, ¢3, €)
return (co,c1,c2,c3)

1
2:
3:
4:
5:
6

Algorithm A.21, qd_dd_add, shows the proce-
dure for adding a double-double number b(4q) to a
quad-double number a(4q) and returns the quad-
double number Clqd) = Co+c1+c2+cs.



Table 12: Number of double precision arithmetic operations for double-double arithmetic

Algorithm ®&o ® ©| Total

Addition | dd_d_add 10 0 0 10
dd_dd_add 1 0 0 11

Subtraction | dd_d_sub, d_dd_sub 10 0 O 10
dd_dd_sub 1 0 0 11

Multiplication | dd_d_mul 14 8 0 22
dd_dd_mul 15 9 0 24

Division | dd_d_div 6 7 2 25
d_dd_div 16 8 2 26

dd_dd_div 17 8 2 27

Algorithm A.21 qd_dd_add (ao, ai,az,as,bo, b1)

Algorithm A.23 qd.d_sub (ao, a1, az,as,b)

[co, 0] + Two-Sum(ao, bo)
[c1, e1] < Two-Sum(azy, b1)
[cl, eo] <« Two-Sum(c1, eo)
[c2, e1] « Two-Sum(az,e1)
[c2, e0] < Two-Sum(cz, eo)
[eo, e1] < Two-Sum(eo, e1)

[cs, e0] < Two-Sum(as, eo)

eo =¢eo0 D er

[co, €1, €2, c3] + Renormalize(co, ¢1, c2, ¢3, €0)
: return (co, ¢1,¢2,¢3)

[

Algorithm A.22, qd_qd_add, shows the proce-
dure for adding a quad-double number b4 to a
quad-double number a(q) and returns the quad-
double number Cqd) = Co + €1 + c2 + 3.

Algorithm A.22 qd,qd,add ((lo7 ai, az,as, bo7 b1, bg, bg)
[co, €0] + Two-Sum(ag, bo)

[c1, e1] + Two-Sum(a1, b1)

[02762] + Two-Sum(az, b2)
[cs, e3] <= Two-Sum(as, b3)
[
[

c1, eo] < Two-Sum(ci, eo)

2, €0, €1] < Three-Sum(cz, e1, eo)

[cs, eg] «— Three-Sum2(cs, ez, o)

eo =eoDer Des

[co, €1, 2, c3] < Renormalize(co, c1, c2, 3, €0)
: return (co, c1,c2,c3)

—_

A.3.2 subtraction

Algorithm A.23 (A.24), qd_d_sub (d_qd_sub), sh-
ows the procedure for subtracting a double-precisi-
on number b (a quad-double number b(4qy) from
a quad-double number a(4q) (a double-precision
number a) and returns the quad-double number
C(qd) = Co +c1 + ¢ + c3.

1: s+ —b
2: [co,c1,c2,c3] < qd_d_add (ao, a1, az,as, s)
3: return (co, c1,c2,c3)

Algorlthm A.24 d_qd_sub (a,bo, b1, bz, b3)

So bo

81 < b1

So < —bs

S3 < —b3

[co, c1,c2,c3] + d_qd-add (a, so, $1, S2, S3)
return (co,c1,c2,c3)

Algorithm A.25 (A.26), qd_dd_sub (dd_-qd_sub),
shows the procedure for subtracting a double-dou-
ble number b4q) (a quad-double number b(qd)) from
a quad-double number a,q) (a double-double num-
ber a(dd)) and returns the quad-double number
C(qd) = €0 +c1 + ¢ + c3.

Algorithm A.25 qd_dd_sub (ao,al,az,ag,bo,bl)
1: bg <+ —bg

2: by +— —by

3: [co,c1,c2,c3] + qd_dd_add (ao, a1, a2, as, bo, b1)
4: return (co,c1,c2,c3)

Algorlthm A 26 dd qd sub ((lo7 ai, b()7 b17 b2, b3)

1: bo < b()

2: by +— —by

3: b «— —bs

4: b3 < *bg

5: [Co, ci,C2, 03} — dd,qd,add (ao, ai, bo, b1, b27 b3)
6: return (co,c1,co,c3)

Algorithm A.27 shows the procedure for sub-
tracting a quad-double number b, from a quad-



double number a(,q) and returns the quad-double
number C(qd) = €0+ 1+ ca+cs.

by a quad-double number b(,q) and returns the
quad-double number Clqd) = Co+ 1+ ca+cs.

Algorithm A.27 qd_qd_sub (ao, ai,az,as,bo, b1, ba, b3)

Algorithm A.30 qd,qd,rnul(ao, ai,az,as, bo, b1, bz, bg)

1: by < —bo

2: b1 < 7b1

3: by < —bo

4: by < —bs

5: [eo, €1, c2,c3] < qd_qd_add (ao, a1, az,as, bo, b1, bz, b3)
6: return (co,c1,c2,c3)

A.3.3 multiplication

Algorithm A.28, qd_d_mul, shows the procedure
for multiplying a quad-double number a(,q) by a
double-precision number b and returns the quad-
double number Cqd) = Cotc1+catcs.

Algorithm A.28 qd_d.mul (ao,a1,az,as,b)
: [po, qo] + Two-Prod(ao,b)

: [p1,q1] + Two-Prod(a1,b)

: [p2, q2] + Two-Prod(az, b)

: [p1,qo] + Two-Sum(p1, o)

: [p2,q0, 1] < Three-Sum(p2, g0, q1)

p3 < a3 ® b

: [p3, qo] + Three-Sum2(ps, o, g2)

Qo — Qo Dq1

: [co, 1, 2, c3] < Renormalize(po, p1, p2, D3, qo0)
: return (co, c1,¢2,¢3)

O OO TD U W
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Algorithm A.29, qd_dd_mul, shows the proce-
dure for multiplying a quad-double number a4
by a double-double number b(4q) and returns the
quad-double number Clqd) = o+ c1+ca+cs.

Algorithm A.29 qd_dd.mul (ao,a1,az,as,bo, b1)
[po, go] < Two-Prod(ao, bo)
[p1,q1] < Two-Prod(ao, b1)
[p2, g2] + T'wo-Prod(ai, bo)
]
]

[ps, g3] < Two-Prod(az, bo)
[p4, qa] + Two-Prod(a,b1)
[p1, P2, qo0] < Three-Sum(p1, p2, qo)
[p2, p3, pa] < Three-Sum(p2, p3, pa)
[91, g2] + Two-Sum(q1, g2)

[p2,q1] < Two-Sum(pz,q1)
¢ [ps, g2] + Two-Sum(ps, g2)
¢ [ps, 1] + Two-Sum(pg,q1)
I PaPaR®RqGOq
P33P qu P (a3 ®@bo) B (a2 ® b1)

: [p3, qo] + Three-Sum?2(ps, o, q3)

P P4 PpaDqo

: [eo, 1, ¢2, c3] < Renormalize(po, p1, p2, 3, Pa)
: return (co, c1,c2,c3)

e el el el
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Algorithm A.30, qd_qd_mul, shows the proce-
dure for multiplying a quad-double number a4

[po, go] < Two-Prod(ag, bo)

[p1, q1] < Two-Prod(ao, b1)

[p2, 2] + Two-Prod(ai, bo)

[p17p27 qO} — Three_sum(phpQ: qO)

[p3, g3] < Two-Prod(ao, b2)

[p4, qa] + Two-Prod(ay,b1)

[ps, ¢5] < Two-Prod(az, bo)

[p2, q1,q2] < Three-Sum(p2, q1, g2)

[p3, P4, ps] < Three-Sum(ps, pa, ps)

¢ [p2, ps] < Two-Sum(pz, ps)

¢ [pa, q1] < Two-Sum(ps, q1)

. [p3, pa] < Two-Sum(ps, pa)

P Pa— @ Dps D gL Dpa

:p3 p3®(ao@b3) B (a1 ®b2) B (a2 @b1) B (a3 ®bo) &
qo D g3 D qs D g5

: [co, €1, 2, c3] + Renormalize(po, p1, p2, 3, Pa)

: return (co,c1,c2,C3)

=== = =
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A.3.4 division

Supposing that b # 0 and by # 0. Algorithm
A.31 (A.32), qd_d_div (d_qd_div), shows the pro-
cedure for dividing a quad-double number @44 (a
double-precision number a) by a double-precision
number b (a quad-double number b(,4)) and re-
turns the quad-double number c(4q) = co + 1 +
C2 + C3.

Algorithm A.31 qd_d_div (ao, a1, az,as,b)
co+—apg @b

[to, tl] — TWO—PI‘Od(Co, b)

[ro,71,72,73] < qd_dd_sub (ao, a1, a2, as,to,t1)
c1+100b

[to, tl] < TWO—PI‘Od(C1, b)

[ro,71,72,73] < qd_dd_sub (ro,r1, 72,73, t0,t1)
Co+—10Q0b

[to, tl] < TWO—PI‘Od(CQ, b)

[ro,71,72,73] < qd_dd_sub (ro,r1, 72,73, t0,t1)
3 100b

: [co, €1, 2, c3] < Renormalize2(co, 1, ¢2, c3)

: return (co,c1,c2,c3)




Algorithm A.32 d,qd,div (a, bo7 b1, bg, bg)

Algorithm A.35 qd_qd_div (ao, a1, a2, as, bo, b1, b2, b3)

1: co <+ a® by

2: [to,tl,t27t3] < d,qd,mul (Co7b0,b1,b27bg)

3: [To,?“l,?”zﬂ"g} — d,qd,sub (a,to,tl,tz,tg)

4: ¢1 <10 @ bg

5: [to,tl,t27t3] < d,qd,mul (Chbo,bl,bz,bg)

6: [To, T1,T2, 7"3} < qd,qd,sub (7’0, r1,7T2,T3, to, t1,t2, tg)
T: ¢y < 19 bo

8: [to,tl,t27t3] < d,qd,mul (Cz7b0,b1,b2,bg)

9: [To, T1,T2, 7"3} — qd,qd,sub (7’0, r1,72,73,t0,t1, 2, tg)
10: ¢c3 <+ 10 @ bo

11: [co, c1, €2, c3] < Renormalize2(co, c1, ¢2, ¢3)

12: return (co,c1,c2,c3)

1: co + ao @ bo

2: [t07t1,t2,t3} — d,qd,mul (Co,bo,b17b2,b3)

3: [7‘07 1,72, 7‘3} — qd,qd,sub (CLQ7 ai,az,as,to,t1,t2, t3)
4: ¢1 <10 @ bg

5: [to,tl,tg,tg} — d,qd,mul (Cl,bo,b1,bg,b3)

6: [7“07 1,72, 7‘3} — qd,qd,sub (To, r1,72,73,to,t1, 12, t3)
T: ca <100 bo

8: [to,tl,tg,tg} — d,qd,mul (Cg,bo,b1,bg,b3)

9: [7“07 1,72, 7‘3} — qd,qd,sub (To, r1,72,73,t0,t1, 12, t3)
10: ¢c3 <+ 1o @ bo

11: [co, c1, €2, c3] < Renormalize2(co, 1, ¢2, ¢3)

12: return (co,c1,c2,c3)

Supposing that by # 0. Algorithm A.33 (A.34),
qd_dd_div (dd_qd_div), shows the procedure for
dividing a quad-double number a4 (a double-
double number a(dd)) by a double-double number
b(qay (a quad-double number b(,q)) and returns the
quad-double number Clgd) = Co+ €1+ ca+cs3.

Algorithm A.33 qd_dd_div (ao, a1, az,as, bo, b1)
1: co + ag @ by

2: [to,tl] < d_.dd_mul (Co,bo,bl)

3: [ro,71,72,73] < qd_dd_sub (ao, a1, a2, as, to,t1)
4: c1 +—100b

5: [to,tl] < d_dd_mul (C1,b0,b1)

6

7

8

: [ro,r1,7r2,73] + qd_dd_sub (ro,r1,72,73,t0,t1)
e —T0Qb
: [t07t1] + d_dd_mul (Cz,bo,bl)
9: [ro,71,72,73] < qd-dd_sub (ro,r1,r2,73,%0,t1)
10: c3+10@b
11: [co, c1, 2, c3] < Renormalize2(co, c1, c2, c3)
12: return (co,c1,c2,c3)

Algorithm A.34 dd,qd,div (ao, ai, bo, bl, bz, bg)

1: ¢co < ao @ bo

2: [to,tl,t27t3] < d,qd,mul (Co7b0,b1,b27bg)

3: [To,?“l,?”zﬂ"g} — dd,qd,sub (ao,a1,t0,t1,t2,t3)

4: 1+ 10 QD bo

5: [to,tl,t27t3] < d,qd,mul (Chbo,bl,bz,bg)

6: [To, T1,T2, 7"3} — qd,qd,sub (7’0, r1,72,73,to0,t1, 2, tg)
T: c2 <10 @ bo

8: [to,tl,t27t3] < d,qd,mul (Cz7b0,b1,b2,bg)

9: [To, T1,T2, 7"3} — qd,qd,sub (7’0, r1,72,73,to0,t1, 2, tg)
10: ¢c3 <+ 10 @ bo

11: [co, c1, €2, c3] < Renormalize2(co, c1, ¢2, ¢3)

12: return (co,c1,c2,c3)

Supposing that by # 0. Algorithm A.35, qd_qd_
div, shows the procedure for dividing a quad-double
number a(4q) by a quad-double number b,y and
returns the quad-double number ¢(4q) = co + c1 +
Cc2 + C3.

Table 13 shows the number of double precision
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arithmetic operations for quad-double arithmetic.
One quad-double arithmetic operation needs tens
or hundreds of double-precision operations, then
the computation time may require hundreds times
greater than double-precision arithmetic.

A.4 The other algorithms for QD

Algorithm A.36, qd_sqr, shows the procedure
for squaring a quad-double number a(,q) and re-
turns the quad-double number c(q) = co + 1 +
Cc2 + C3.

Algorithm A.36 qd.sqr (ao,a1,az,as)
: [po, qo] + Two-Sqr(ao)

. [p1,q1] + Two-Prod(ao, a1)

p1 < p1 ®2.0

q1+—q1®2.0

. [p2, q2] + Two-Prod(ao, a2)

P2 < p2 @ 2.0

2 @2 ® 2.0

. [ps, q3] + Two-Sqr(a1)

: [p1, qo] < Two-sum(p1, o)

: [q0, 1] « Two-sum(qo, q1)

: [p2,p3] < Two-sum(pz, ps)
[s0,t0] < Two-Sum(qo, p2)

: [s1,t1] < Two-Sum(q1,ps3)

: [s1,t0] + Two-Sum(s1, to)

cto—to Dt

: [s1,t0] + Fast-Two-Sum(s1,to)

¢ [p2,to]  Fast-Two-Sum(so, s1)

: [ps, qo] < Fast-Two-Sum(¢1, to)

P pa+—20® a0 ®as

D5 <—2.O®a1®a2

¢ [pa,ps] < Two-Sum(pa, ps)

: [g2, gs] = Two-Sum(gz, g3)

23: [to,t1] + Two-Sum(pa, g2)

24: t1 +— t1 P ps B gs

25: [ps, pa] + Two-Sum(ps, to)

26: pa < pa B qo D t1

27: [co, c1, C2, c3] < Renormalize(po, p1, p2, P3, pa)

28: return (co,c1,c2,c3)
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Table 13: Number of double precision arithmetic operations for quad-double arithmetic

Algorithm &, ® @ | Total

Addition | qd.d_add 52 0 O 52
qd_dd_add 71 0 0 71

qd_qd_add 91 0 O 91
Subtraction | qd_d_sub, d_qd_sub 52 0 O 52
qd_dd_sub, dd_qd_sub 71 0 0 71

qd_qd_sub 91 0 0 91
Multiplication | qd_d_mul 9% 22 0 118
qd_dd_mul 154 35 0 189

qd_qd_mul 171 46 O 217

Division | qd_d-div 261 21 4 286
d_qd_div 540 66 4 610

qd_dd_div 273 24 4 301

dd_qd_div 569 66 4 639

qd_qd_div 579 66 4 649

Supposing that n is a power of 2. Algorithm
A.37, mul_pwr_dd, shows the procedure for multi-
plying each component of double-double number
by n.

Supposing that n is an integer. Algorithm A.39
shows the procedure for computing an n-th power
of a quad-double number a(,q and returns the

quad-double number.

Algorithm A.37 mul pwr.dd (ao,a1,n)
1l: bp+—ao®n

2: b1 — a1 @®n

3: return (bo,b1)

Supposing that n is a power of 2. Algorithm
A.38, mul_pwr_qd, shows the procedure for mul-
tiplying each component of quad-double number
by n.

Algorithm A.38 mul pwr_qd (ao, a1, az,as,n)
bo<—ag®n

b1 — a1 ®@n

by ¢—ax®@n

b3+ as®n

return (bo, b1, b2, bs)

Algorithm A.39 qd.pow (ao,a1,az2,a3,n) : Assume
that n >0
if n =0 then
return 1.0
end if
if n =1 then
return (ao,a1,az2,as)
end if
To < Qo
r1 < a1
T2 <— Q2
LT3 < as
150+ 1.0
: N+n
: while N >0 do
if NV is odd then
[s0, 51, 52, 53]
+ qd_qd_mul(so, s1, 2, S3,70,71,T2,T3)
end if
N+ N2
if N >0 then
[ro,71,72,73] < qd_sqr (ro,71,72,73)
end if
: end while
: return (ro,7r1,72,73)
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