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Numerical Verification Method for linear algebra

using a priori error estimation
— From Error Analysis to Large-scale problems —

Yusuke MORIKURA

Department of Applied Mathematics, Waseda University

Abstract. In this lecture, we would like to introduce numerical verification methods
for linear algebra by using a priori error estimation. Usually, for numerical verification
methods, we obtain rounding error using the switch of the rounding modes. However,
there exist numerical environments that do not support it. In such cases, it is effective in
these environments that the methods use a priori error estimation. In this lecture, first,
we will introduce the methods with the rounding modes, next these without the rounding
modes. Finally, we would like to talk about the method for linear systems that we have
been trying.
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x-y=[x-5%%-y € [fy(x—7).M, (T -yl

X -y = [min(xy, Xy, xy, Xy), max(xy, Xy, xy, xy)]
< [min(fly(xy), fly(xy), flo(xy), flv(xy)), max(fla(xy), 1Y), fla(xy), A,GY)],

x/y =xx[1/5. 1/yl. 0 ¢y)
€ xx [fi(1/3), fla(1/y)], (O & y).
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function [Cgpyn, Cypl = mul(A, B)
system_dependent(’setround’, inf);
Cyp=A-B;
system_dependent(’setround’, —inf);
Caown = A - B,

end
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function [A,,, A,] = trans_midrad(A, Z)
system_dependent(’setround’, inf);
An=A-4)/2+A4;
Ar = Ay — A

end
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function [C, 6] = interval_mul(A,,, A,, B, B,)
system_dependent(’setround’, inf);
T =(Aul - Bu+ A, - (|By| + Br));
C=A, B,+T,;
system_dependent(’setround’, —inf);
C=A,-B,-T;

end
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C =fl(AB), R = fl((n + 2)u - ufp(JA||B]) + realmin - ¢’ ¢)
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0000005 0000000000 A =(A,,A,) €IF™ B=(B,B,)clF>** 1000
000000000000000000000000

function [C, R] = interval mul2(A,,,,A,, B,,, B,)
if 2(n + 2)u < 1, error('failed”), end
C=A," B,

R = ((n + 2)u - ufp(|A,| * |B,|) + realmin - ¢”¢)
T, =|Aul- B,
T> = ((n + 2)u - ufp(T) + realmin - ¢’ ¢);
T5 = |Byl| + B,;
Ty=A,-Ts;
Ts = ((n + 2)u - ufp(T4) + realmin - ¢’ ¢);
R2=T1+T,+T4+T5+R);
T¢ = succ(R2 + 4u - ufp(R2));
end
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C: f1(AuBy), R: (AulBul), Ti,T2: 1(|AnlBy),  Ta,Ts: fl(IA[T3).
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function [x, y] = TwoSum(a, b)
x=(a+b)
z=(x—a);
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y=(a—(x-2)+ b -2)
end

OO0D00007q beFOO00ODOOOOODOODOO

function [x, y] = TwoProduct(a, b)
x = (a-b);
[a1, a2] = Split(a);
[b1, b2] = Split(D);
y=(ai-by—(((x—ay-b1)—ax-by) —ay b)),
end

O000008aeFUOa=ah+al,ah,alc FOOOO0OOOODODOOODOOOO

function [ah, al] = Split(a)

¢ = (factor - a); Yofactor = 2° + 1
ah = (¢ - (¢ — a)); 90For binary64, s = 27
al = (a — ah);

end

D000009FMA® 0000 beFOOOODOOOOOOOO

function [x, y] = TwoProductFMA(a, b)

x=(a-b)
y = FMA(a, b, —x);
end
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gobobooooobuoooobboooobbbooobbboooobbbooooobo
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\
0090000000000 00000O Dot2[10]000DODOO
|res—xTy|SquTy|+7£|xT||y|+5neta
goooogoggoggggd
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TwoProduct 00 00 O0O0OODODODOOCOOCCOOOOOOO
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function [res] = Dot2(x, y)
if 2nu > 1, error(‘inclusionfailed”), end;
[p, s] = TwoProduct(x;, y;);
for i=2:n
[A, r] = TwoProduct(x;, y;);
[P, q] = TwoSum(p, h);
t=(q+r);
s=(s+1);
end
res = (p + 5);
end

OO00Do2 00 O0O0ODO0OOOODO0ODOOOOODODOOO Dot2Err 0O OO

ODoOO000C0 11 x,yeF"O00000O0OOOOO20000000000000000O 4
gobobooooboobuooonoboooooooobood

function [res, err] = Dot2Err(x, y)
if 2nu > 1, error(‘inclusionfailed’), end;
[p, s] = TwoProduct(x;, y;);

e = |sl;
fori=2:n
[A, r] = TwoProduct(x;, y;);
[p, gl = TwoSum(p, h);
t=(q+r);
s=(s+1);
e=(e+t);
end
res = (p + 9);
0 = (nmu/(1 - 2nu));
a = (ufres| + (0 - e + 3eta/u));
err = (a/(1 - 2u));
end

OO0oDO0booooobOoboN2jooooon
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function [AV, A®] = Split_A(A)
n = size(A, 2);
p = max(abs(4),[1,2); %o € F™" with (i) = max |a ]
<Jj<n
T = 2/ceil((53 + log2(n + 1))/2);
ta = 2. ceil(log2(w)) - 73

S 4 = repmat(ty, 1,1n); %S =t4-e fore=(1,1,..,1) eF"
AD = (A +S4) = Sa;
A® = A _A(l);

end

0000001300 BeF> o g4+ Oonoooooooooooooooon

function [B", B?] = Split_B(B)
n = size(B, 1); Yot €
ut = max(abs(B), [ 1, 1);
7 = 2"ceil((53 + log2(n + 1))/2);
tp = 2. ceil(log2(u)) - 73
S g =repmat(tg,n,1); %Sp=e-tgfore=(1,1,..,1)T € F"
BY = (B+Sgp) -Ss;
B® =pB- B(l);

F>™ with u(j) = max |A;;
1<i<n

end
00000000 ADODO BOOOODODODODOOODOO
A=AV +AD 1 A® 4. 1 AP B=BD 4 B 4 B ;... 4 B@

gobbdoooobobuoooobbuoooobbbooobbbooobbbooobo
OO0D0OboO0 A, BOOOODOO ABO

AB = (A(l) +A(2) +A(3) 4o +A(P))(B(1) + B(Z) + B(3) 4o+ B(CI))
= ADOBMD L AOB? L A@OBD 4 ... 4 AP®B@D

0000000000000000000
fi(APBP) = APBD 1<i<p 1<j<q

O00oo0oooooogoooooooooooooooooooooooogoon
AB C1:ﬂ(A(l)B(l)),szﬂ(A(l)B(z)), ~--,ﬂ(A(p)B(‘1)):CquDDD

AB = fl(AVBD) + f1(AVBP) + Ai(APBYV) + - + 1 (AP BY)
:C1+C2+C3+-'~+Cpq
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0010 0000000000DO0 X0 ADQOOODO RODOOODOODOOO

IRA-1|| < 1

0000000
- A-p| < JRAT =D
S 1-IRA-1I||

goobbooobob/oobobbuooon
N /

goboboodooobuoooobboooobobboooobbbooobobbooooonoo
goboboooobbooon

O0oo0o0oboooboooobD 100 |RA-NDOD0DO0OD0O0O0DbO0obObOOoDOo0on
oo

e C:=fly(RA-I)<RA-IT<fl,(RA-1I)=:D.
e fl, (JJmax(ICL,|DDllx) 0000 1000000000000

00000000000000000000000 |RA-1)000000000000
O00|RAX-b)|00000000000000000000000000000000
000000000000000000000000000
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4 N
00110000000 Ax=b,AcF* beF"O0D000ADOOOODORDODO

000000000000 100000 |RA-1.000000000000000
000

ay := muls(|A|), a> := muld(|R|, a;),
a1 ;= muls(fi(RA = I)), a; :=succ(fl((nu) - ¢3)), a3 :=fl(neta-e)

max(a) < 10000
IRA — Il < |Ifi(succ(a; + az + a3 + ue) + 3u - ufp(a; + az + a3 + ue))||w.
00000000000 rekF, suce(r) :=min{f € F:r < f}, ufp(r) := Uoglrll]

muls(A) := succ(fl(|Ale + ((n — 1)u - ufp(|Ale)))) > |Ale,
muld(A, x) := succ(fl(|Ax| + ((n + 2)u - ufp(JA||x]) + realmin - ¢))) > |Ax]|.

\

J
\
00120000000 Ax=b, AcF» becF"O00000AOO0OOOO ROO
0000 x00000000000000 100000 ||RAX-Db)|. 0000000

oooooooooog
mid = fl(AX — b), rad = fi((n + 3)u - ufp(|A||X| + |b|) + realmin - ¢).
goodoooooon

mid — rad < AX — b < mid + rad,
|IR(AX — b)| < (|Rmid| + |R|rad),
by := muld(R, mid), b, := muld(|R|, rad),
[|IR(AX — D)||o £ max(succ(by + b)),

00000000000 rekF, suce(r) :=min{f € F: r < f}, ufp(r) := oglrll]

muls(A) := succ(fl(JAle + ((n — 1u - ufp(|Ale)))) > |Ale,
muld(A, x) := succ(fl(|Ax| + ((n + 2)u - ufp(|A||x]) + realmin - ¢))) > |Ax]|.
o /
0000000000000 ooo0oooooooooooooooooooon
ooo

e 00 IUUODDDUOUDDLDOUUULDDDUUUUDLDO
e 0 UUOODLDLDOUOOUODLDLOUOUODLDOOO
e JUIOUODODDOUOODODLDOUOOODLDOUOUODLDO

gooboogooobuoooobobouooooooboood
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U0 000000000000 00000 0000 000000000 o000 oa
ggoboooboobobobobobobobobobooooodooooooooooboobooboobo
ggooooobobobobbbbbb bbbt oo oo b
gooboooobobboooobobboooobobboooobobooon
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