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function [Coown, Cup] = mul(A, B)
system_dependent('setround’, inf);
Cup = A" B;
system_dependent('setround’, —inf);
Cdown = A - B;

end
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function [A,,, A,] = trans_midrad(4, A)
system_dependent('setround’, inf);
Ap = (Z_A)/2+A§
Ar = Ap — 4;

end
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system_dependent(’'setround’, inf);
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C=A, B,+T,;
system_dependent(’setround’, —inf);
C=A, B,—T;

end
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function S = ufp(p)
g=¢-p %hp=(2u)+1
S=lg—(1-u)qf;

end

A\

@ S.M. Rump. Error estimation of floating-point summation and dot product, BIT Numerical Mathematics, 52(1):
201-220, 2012.
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@ S.M. Rump, P. Zimmermann, S. Boldo, and G. Melquiond. Computing predecessor and successor in
rounding to nearest, BIT Numerical Mathematics, 49(2): 419-431, 2009.
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@ Nicholas J. Higham. Accuracy and Stability of Numerical Algorithms, Second Edition, SIAM
Publications, Philadelphia, 2002.
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@ C.-P. Jeannerod and S.M. Rump, Improved error bounds for inner products in floating-point arithmetic, SITAM. J. Matrix Anal.
& Appl. (SIMAX), vol. 34, no. 2, pp. 338-344, 2013.
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@ S.M. Rump, Error estimation of floating-point summation and dot product, BIT Numerical
Mathematics, vol. 52, no. 1, pp. 201-220, 2012.
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AT +Te+Ty+T5+R)+(4u(ly + To+ Ty +T5 + R))
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function [C, R] = interval mul2(A,,, Ay, Bm, Br)
if 2(n + 2)u < 1, error('failed’), end

C=A, By

R = ((n+2)u-ufp(|An| - |Bn|) + realmin - ele)
Ty = |An| - B,

Ty = ((n + 2)u - ufp(7}) + realmin - eLe);

T5 = |Bm| + By;

Ty = Ay - Ty

Ts = ((n+ 2)u - ufp(Ty) + realmin - e’e);
R2=(T1+T>+ T4+ T5 + R);
T = succ(R2 + 4u - ufp(R2));

end
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eat+b=x+y

[z, y] = TwoSum(a, b), z=1fl(a+b), y:000O
ea-b=x+y

[z, y] = TwoProduct(a, b), z=1f(a-b), y:000
O00000000000000 (Ogita, Rump and Oishi)

0000000000000 (Ozaki, Ogita, Oishi and Rump)

@ D. E. Knuth, The Art of Computer Programming: Seminumerical Algorithms, vol. 2, AddisonWesley,
Reading, MA, 1969.

@ T. J. Dekker, A floating-point technique for extending the available precision, Numer. Math., vol.
18, no. 3, pp. 224-242, 1971.

@ T. Ogita, S. M. Rump and S. Oishi, Accurate sum and dot product, SIAM Journal on Scientific
Computing, vol. 26, no. 6, pp. 1955-1988, 2005.

@ K. Ozaki, T. Ogita, S. Oishi and S. M. Rump, Error-Free Transformation of Matrix Multiplication
by Using Fast Routines of Matrix Multiplication and its Applications, Numerical Algorithms, vol.
59, no. 1, pp. 95-118, 2012.
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function [z, y] = TwoSum(a, b)
z = (a+Db);

end
oooooag

e, beFOOOODODOOODODOO

function [z,y] = TwoProduct(a, b)

z=(a-b);

[a1, a2] = Split(a);

b, ba] = Splic(0):

y=(a1-by — (((x —a1-b1) —az-b1) —ay - ba));
end

oooooao

ac€FOa=ah+al, ah, dd eFOOOODOOOOOOODOOOODO

function [ah, al] = Split(a)

¢ = (factor - a); Yofactor = 2° + 1
ah = (c— (c—a)); %For binary64, s = 27
al = (a — ah);

end
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z, y e F" 0000000000 20000000000000000 40000000000000000O00OCOOOCOOO

function [res, err] = Dot2Err(z, y)
if 2nu > 1, error(’inclusionfailed’), end;
[p, s] = TwoProduct(z1, y1);
e=|sl;
for i =2:n
[h, r] = TwoProduct(z;, v;);
[p, g = TwoSum(p, h);

t=(q+r7);
s=(s+1t);
e = (e+[t]);
end
res = (p + 5);

6 = (nu/(1 — 2nu));
a = (u|res| 4 (6 - e + 3eta/u));
err = (a/(1 — 2u));

end
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SumK
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DotKErr

e Faithful OO DO OOOOODODODOCODDO O Accsum
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@ T. Ogita, S. M. Rump and S. Oishi, Accurate sum and dot product, SIAM Journal on Scientific
Computing, vol. 26, no. 6, pp. 1955-1988, 2005.

@ S.M. Rump, T. Ogita, and S. Oishi, Accurate floating-point summation part I: Faithful rounding,
SIAM Journal on Scientific Computing, vol. 31, no. 1, pp. 189-224, 2008.
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AeF™n0 A0+ A®0000000000000000000

function [AD), A®)] = Split_ A(A)
n = size(4,2);
p=max(abs(A),[],2);  %u € F™! with p(i) = max |a;;|
1<j<n
7 = 2."ceil((53 + log2(n + 1)) /2);
ta = 2. ceil(log2(p)) - 73
S = repmat(ta,1,n); %Sa=ta-el fore=(1,1,..,1)7 € F"
AW = (A+54) = Sas
A@ = A AW,

end

goooooo
00 BeF»o BW 4+ B®ONO0O0DO0DOONOONOONOOOOOO

function [B1), B?)] = Split_B(B)
n = size(B, 1); %op € F™ with pu(j) = max |Ayj|
1<i<n
p = max(abs(B), [ ],1);
€il((53 + log2(n + 1)) /2);
tp = 2. ceil(log2(p)) - 75
Sp = repmat(tp,n,1); %Sp=e-tpfore=(1,1,..,1)T € F*
BW = (B + Sp) — Sg;
B® = B— BM;

=2

end
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e J0DDDODOO Az=0b, AcF™™ becF'O00OO0O0O0O0DODODODOO

o JOUDUDODODODODOOn=10000000000000
obooooooooooooooon

R: AODODOOOO
I:0000

D0DO0000 ||RA-I|e <1,
A-lDOoOO

1—|RA— 1Tl
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Oishi and Rump (2002)
o C:=flg (RA—I)<RA—I<fln(RA—1I)=:D.
o fla (|max(|C|,|D|)||lo) <100 A-'O000O0OD0O
o IODDDODODOODDOUODOODODDLDOOOOOO
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|IRA-I|,00000000

a1 := muls(|A4|), a2 := muld(|R|, a1),
aj ;= muls(fl(RA — 1)), a2 :=succ(i((nu)-c2)), ag:=fl(neta-e)

max(a1) <1000
|RA — I||lc < ||fi(succ(ar + a2 + a3 + ue) + 3u - ufp(a1 + a2 + a3 + ue))|oo-
where r € R, succ(r) := min{f € F: r < f}, ufp(r) := 2l82I7l]

muls(A) := succ(fi(|Ale + ((n — 1)u - ufp(|Ale)))) > |Ale,
muld(A,z) := succ(fi(|Az|+ ((n+ 2)u- ufp(|A||z|) + realmin - ¢€))) > |Az|.

@ Y. Morikura, K. Ozaki, S. Oishi, Verification methods for linear systems using ufp estimation with
rounding-to-nearest, Nonlinear Theory and its Applications, IEICE, vol. 4, no. 1, pp. 12-22, 2013.
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|IR(AZ —b)|.00000000

mid

f(AF — b),
rad = fl((n+ 3)u- ufp(|A||Z| + |b]) + realmin - e).

mid — rad < AZ — b < mid +rad, |R(AZ — b)| < (JRmid| + |R|rad),
b1 := muld(R, mid), b2 := muld(|R|,rad),
|R(AZ — b)||oo < max(succ(by + b2))

0000r € R, succ(r) :=min{f € F: r < f}, ufp(r) := 2los2I7l]

muls(A) = succ(i(|]Ale + ((n — 1)u - ufp(|Ale)))) > |Ale,
muld(A,z) := succ(fl(|Az| + ((n + 2)u - ufp(|A||z|) + realmin - ¢€))) > |Az|.

@ Y. Morikura, K. Ozaki, S. Oishi, Verification methods for linear systems using ufp estimation with
rounding-to-nearest, Nonlinear Theory and its Applications, IEICE, vol. 4, no. 1, pp. 12-22, 2013.
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good

Fujitsu PRIMEHPC FX10 24nodes |

o CPU:Fujitsu SPARC64T™IXfx (1.848GHz/16-core) /1node, in
total 5.676TFLOPS
Memory:32Gbytes/1node, in total 768Gbytes

C compiler: Fujitsu C/C++ Compiler Driver Version 1.2.1 (Jan 25
2013 17:17:00)

Library: BLACS, PBLAS and ScaLAPACK optimized by Fujitsu.
e Compiler option: -Kopenmp -SCALAPACK -SSL2BLAMP -O0
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n = 10000, 30000, 50000, 80000, 100000.
A:0,1]00D00000.
b=1fl(A-e), e=(1,...,1)T e FrO

Table 1: ||RA-I||cc 000 Table 2: ||z — x| 000
n NR NR+Acc n NR NR+Acc
10000 | 1.6E-05 | 2.0E-09 10000 | 2.7E-05 | 1.1E-16
30000 | 1.0E-04 | 7.3E-09 30000 | 1.1E-04 | 1.5E-16
50000 | 7.6E-04 | 4.2E-08 50000 | 9.9E-04 | 8.5E-16
80000 | 3.5E-03 | 1.8E-07 80000 | 5.8E-03 | 5.8E-15
100000 | 6.6E-03 | 3.4E-07 100000 | 8.7E-03 | 1.3E-14
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00 2. 00000 n = 100000

A: Higham OO OOOOODOO randsvd 00O 0O n = 100000.
b="fl(A-e), e=(1,...,1)T e F*O

Table 3: ||RA—1I||cc OO0 Table 4: ||z - x| 00O
cond NR NR+Acc cond NR NR+Acc
102 | 4.5E-06 | 4.6E-09 102 | 4.3E-06 | 1.1E-16
10* | 3.0E-04 | 2.3E-07 10* | 1.9E-04 | 1.2E-16
10 [ 2.2E-02 | 1.4E-05 10% [ 1.6E-02 | 1.0E-15
103 — 7.5E-04 108 - 8.5E-14
1010 — 1.7E-02 1010 — 8.1E-12

~gooo0oon 0

@ N. J. Higham. Accuracy and stability of numerical algorithms. SIAM Publications, Philadelphia,
2nd edition, 2002.
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Table 5: 0000000 (sec)

n INV MM NR NR+Acc
10000 10.32 1.29 11.55 18.94
30000 89.83 14.34 | 104.70 169.18
50000 | 477.22 | 61.63 | 540.27 818.96
80000 | 806.89 | 218.75 | 1028.23 | 1684.36
100000 | 1894.43 | 455.75 | 2355.04 | 3805.52

INV: 0OO0D0OO0DbOoobobobgoo
MM:OOOQOOOoooooo
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